Boundary Orbit Strata and Faces of Invariant 
Cones and Complex Ol'shanskii Semigroups 

Alexander Alldridge* 
August 24, 2009 

Abstract 

Let D = G/ K be an irreducible Hermitian symmetric domain. Then G 
is contained in a complexification Gc, and there exists a closed complex 
subsemigroup G C F C Gc characterised by fact that all holomorphic 
discrete series representations of G extend holomorphically to r°, the so- 
called minimal Ol'shanskii semigroup. 

Parallel to the classical theory of boundary strata for the symmetric 
domain D, due to Koranyi and Wolf, we give a detailed and complete 
description of the J^-orbit type strata of F as if-equivariant fibre bundles. 
They are given by the conjugacy classes of faces of the minimal invariant 
cone in the Lie algebra g. 

Keywords: Invariant cone; complex Lie semigroup; boundary stratum; 
convex face; Hermitian symmetric space of non-compact type. 
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Introduction 

The boundary structure of Hermitian symmetric domains D — G/K is well 
understood through the work of Pjateckii-Shapiro (for the classical domains), 
and of Wolf and Koranyi, in their seminal papers from 1965 '3Tl|B3j: Each of 
the strata is a if-equivariant fibre bundle whose fibres are Hermitian symmetric 
domains of lower rank. This detailed understanding of the geometry of D has 
been fruitful, and is the basis of a variety of developments in representation 
theory, harmonic analysis, complex and differential geometry. Lie theory, and 
operator algebras. We mention a few developments. 

The original motivation of Wolf-Koranyi was to provide Siegel domain real- 
isations for Hermitian symmetric domains, without recourse to their classifica- 
tion. The existence of such realisations alone has led to an extensive literature 
way beyond the scope of this introduction. 

The study of compactifications of (locally and globally) symmetric spaces is 
of current and continued interest (we mention the recent monograph [i]). As a 
prominent example, the Baily-Borel compactification of Hermitian symmetric 
domains has been studied intensively, with applications to moduli spaces of K3 

*A. Alldridge was partially supported by the IRTG "Geometry and Analysis of Sym- 
metries", funded by Deutsche Forschungsgemeinschaft (DFG), Ministere de I'Education Na- 
tionale (MENESR), and Deutsch-Franzosische Hochschule (DFH-UFA). 
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surfaces, variation of Hodge structure, and modular forms, among others. Its 
understanding relies essentially on the Wolf-Koranyi result. 

The Wolf-Koranyi theory has been generalised to complex flag manifolds 
[551 EH] and thus played an important role in the realisation theory of tempered 
representation of semi-simple Lie group (compare the references in [66j): re- 
cently, it has found applications to cycle spaces [551 (Ml jSZ] and orbit duality in 
flag manifolds [HlllSj. 

Further applications of the original Wolf-Koranyi theory include unitary 
highest weight representations [UmilH]; Poisson integrals [301 HH [331 [Hj ; Hardy 
spaces on various domains [9l [50l [3] ; parahermitian or Cayley type symmetric 
spaces [25l [26] ; Toeplitz operators [58] [60] . 

In 1977, Gel'fand and Gindikin TS] proposed to study the harmonic analysis 
of Lie groups of Hermitian type G by considering them as extreme boundaries 
of certain complex domains in Gc, to which certain series of representations 
should extend holomorphically. This programme has been widely investigated; 
notably, it has led to the definition of the so-called Ol'shanskii semigroups and 
to Hardy type spaces of holomorphic functions on their interiors [5T1 [5H [5S| . 
More recent progress has been made through the study of so-called complex 
crowns [3H1 [3H1 13Z] • 

Although a great deal is known about Ol'shanskii domains [55 1[^[311 [55 1 l36j. 
their boundary structure has as yet not been completely investigated. As in 
the case of Hermitian symmetric domains, we would expect that detailed and 
complete information on the ii'-orbit type strata {K C G maximal compact) 
could lead to a better understanding of the geometry and analysis on these 
domains. 

To be more specific, fix an irreducible Hermitian symmetric domain D = 
G/K. The Lie algebra g of G contains a minimal G-invariant closed convex 
cone n~ and F = G • exp ifi^ C Gc is the minimal Ol'shanskii semigroup. We 
describe all the faces of £7^ f Theorem 13.261) : each of them can be described 
explicitly, and gives rise to an Ol'shanskii semigroup in the complexification of 
a certain subgroup of G. These subgroups are semidirect products S k H where 
S is the connected automorphism groups of a (convex) face of D and H is a 
certain generalised Heisenberg group related to the intersection of two maximal 
parabolic subalgebras of g. 

The relative interiors of the faces fall into G- (equivalently, K-) conjugacy 
classes, each of which forms exactly one of the A'-orbit type strata of (Theo- 
rem [3211) • One immediately deduces the AT-orbit type stratification of F (Theo- 
rem [TJ]). Each stratum is a A'-equivariant fibre bundle whose fibres are the 
G-orbits of the 'little Ol'shanskii' semigroups alluded to above. In particular, 
the fibres are AT-equivariantly homotopy equivalent to K itself. 

While this result is in beautiful analogy to that of Wolf-Koranyi, we stress 
that the structure of the Ol'shanskii semigroups occuring as fibres is more com- 
plicated than that of F — their unit groups are not all Hermitian simple; rather, 
they have the structure of 'generalised Jacobi groups'. Furthermore, we remark 
that all of the above statements can and will be made entirely explicit in the 
main text of this paper, by the use of the Jordan algebraic structure of the 
Harish-Chandra embedding of D. 

Let us give a more detailed overview of our paper. In section 1, we collect several 
basic facts about symmetric domains, symmetric cones, and the associated Lie 
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and Jordan algebraic objects. While most of the information we recall here 
can be easily extracted from the literature, some items are more specific. So, 
although this accounts for a rather lengthy glossary of results, we feel that it 
may serve as useful reference, in particular with regard to some of the more 
technical arguments of this article. 

Section 2 contains an account of the classification of nilpotent faces. In fact, 
in the course of the proof of the classification, we reprove the classification of 
conal nilpotent orbits. Assuming the latter would not simplify our argument; 
indeed, our proof of the more precise result (Theorem 12. 27p is shorter than the 
existing proof of the classification of conal nilpotent orbits. The Theorem gives 
the description of all faces of the minimal (or maximal) invariant cone which 
contain a nilpotent element in their relative interior, and the decomposition of 
the nilpotent variety in the minimal cone into iC-orbit type strata (which are 
the same as the conal nilpotent G-orbits). 

The main body of our work is the content of section 3. It culminates in 
the classification of the faces of the minimal invariant cone (Theorem I3.26p . 
the characterisation of their conjugacy, and the description of the X-orbit type 
strata fTheorem l3.28p . The basic observation is that each face generates a sub- 
algebra (the face algebra), and its structure is well understood due to the work 
of Hofmann, Hilgert, Neeb et al. on invariant cones in Lie algebras. We show 
that the Levi complements of the face algebras are exactly the Lie algebras of 
complete holomorphic vector fields on the faces of the domain D. On the other 
hand, the centres and nilradicals of the face algebras can be understood through 
the classification of nilpotent faces. These considerations suffice to complete the 
classification of all those faces — both of the minimal and the maximal invariant 
cone — whose face algebra is non-reductive. The classification in the case of re- 
ductive face algebras only works well in the case of the minimal cone; it relies 
on the observation (Lemma l3.23p that all extreme rays of the minimal cone are 
nilpotent (a fact which follows directly from the Jordan-Chevalley decomposi- 
tion). 

Finally, in section 4, we globalise the results of section 3 to the minimal 
Ol'shanskii semigroup (Theorem l4.4p . Although the global results on the level of 
the semigroup are probably ultimately of greater interest than the infinitesimal 
results on the level of the minimal cone, the globalisation follows essentially by 
standard procedures. At this point, all the hard work has been done. 

1 Bounded symmetric domains and 
Jordan triples 

We begin with a revision of basic facts about bounded symmetric domains and 
related matters. We apologise to the reader for the tedium, but we will need 
the details. 

1.1 Bounded symmetric domains, and their automorphism 
groups 

Bounded symmetric domains Let Z, dim Z = n be a complex vector space, 
D <Z Z a, circular bounded symmetric domain. Let G be the connected com- 
ponent of Aut(_D). Then G is a Lie group whose Lie algebra g of the set of 
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complete holomorphic vector fields on D. The bracket is [h{z)-^, k{z)-^'\ — 



{h'{z)k{z) - k'{z)h{z))§-^ where {h{z)§^)f{z) = f'{z)h{z) fov hj : D ^ Z. 
For ^ G fl, g e Aut{D), z € D, the adjoint action of Aut{D) is Ad(g"^)(0(z) = 

g'izr^agi^)). 



Let 8 be the set of linear vector fields. The vector field ho = iz-^ £ 3(t) \ 
generates the U(l)-action. The isotropy if of G at hat the Lie algebra t. 
Moreover, D = G/K; we have Z{G) = 1; elements of K are linear; K is maximal 
compact and equals the fixed group of the Cartan involution d — Ad(— id/j) 
[S3 Lemma L7], [U Sect. 1.2],^ Chapter III, § 7, Proposition 7.4]. 

Jordan triples Consider the Cartan decomposition g = i Q) p; p ^ Z : 
^ 1— > ^(0) is a real linear isomorphism. Define G p by ^j(O) = z, further 
Qziw) = z - ^~{w), 2Qu,w = Qu+w - Qu - Qw] then {uv*w} = Qu,w{v) is 
linear in u and w, conjugate linear in v, and {uDv*)(w) — {uv*w} satisfies |4H 
Lemma 2.6] 

{uv*w} — {'wv*u} , ^uOv* , z\I\w*'\ = {uv* z}\I\w* — zO {wu*v}* , (1.1) 
so Z is a Jordan triple. We have ^~ = {u~ {zu*z})-^ and identities [411 Lemma 



[^-,^-]=2iuDv*-vDu*) and [[C, C] , C] = 2Cw„|_w^| (1-2) 



Here, we identify i with a subset of End(Z). 

The trace form tr ziuOv*) defines a positive Hermitian inner product on Z 
such that vOu* — (uOv*)*, so the Jordan triple Z is Hermitian [41j Lemma 
2.6], [Sn]. W.r.t. a certain norm, D is the unit ball, and this sets up a bijection 
between isomorphism classes of Hermitian Jordan triples and of bounded sym- 
metric domains Theorem 4.1]. Note that D is convex, and K is connected. 

Triple automorphisms Any element k G GL{Z) such that k{uDv*)k~^ = 
kuD{kv)* is called a triple automorphism. K is the connected component of 
the set Aut(Z) of triple automorphisms [HJ Corollary 4.9]. The Lie algebra 6 
of Aut(Z) coincides with the set aut(Z) of all triple derivations {5 G End(Z), 
[(5, wDf*] = {5u)U\v* -\- uU\{5v)*). All triple derivations are inner, i.e. ? = 
aut(2') = (m □ u* — w □ u* I u, w G Z)^. 

1.2 Cartan decomposition and Killing form 

Polarisation of p Denote the complexification of q by gc, etc. The decom- 
position Q — t ® p gives 0c = 6c © Pc; ^ extends to the conjugation of gc 
w.r.t. u — t®ip. 

Lemma 1.1. We have the vector space decomposition pc = p+ ©p^ where 



2.6.] 




u 



G Z^ and p 



d_ 

dz 



ue Z} . 



Moreover, i?(p^) 



p , and p^ 



are tc-^i^variant and Abelian. 



Proof. We have 



(1.3) 
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The vector fields in p+ are constant, so [p+, p+] = 0. Applying i) gives [p ,p ] = 
0. 

Any (5 e t is linear, so [<5, — i^u)-^ for all u £ Z. Since i- leaves u 
invariant and hence commutes with i?, the assertion follows. □ 

Lemma 1.2. The centraliser of ho = iz-^ in q is 6. More precisely, ad/io = ±* 
on p^. 

Proof. Clearly, ad/io = i on p+. The assertion follows from p.3|) . □ 

Killing form The Killing form i? of g is given by B{£^,r]) = trg(ad^ ad 77) for 
all ^, 7/ e 0. Its complex bilinear extension to gc will also be denoted by B. 

Lemma 1.3 ([IHl Lemma 4.2], ^ Lemma 6.1]). The splitting gc = P+®tcffiP" 
is B-orthogonal, and p^ are B-isotropic. We have, for all S G aut(Z), u,v £ Z, 

B{S,uDv*) = 2tTz{iSu)Dv*) , B{u^,{zv*z}-§;) = -itTz{uDv*) , 
B{C,^;) =^trziuDv* +vDu*) . 

Proof. The decomposition is orthogonal since fici are distinct ad ft-o-eigenspaces. 
We have [u-§;,{zv*z}-§^] =-2-uDv* from ((Ol). Thus, 

B{S,uav*) = -lB{[5,u-§^],{zv*z}-§;) = -lB{{Su)-§;,{zv*z}^) . 
The 2nd equation implies the 1st; the 1st with S = ho implies the 2nd. But 

B{ho, u □ V*) = i tvp+ ad(u □ v*) ~ i trp- ad(u □ v*) 
by Lemma FOl Moreover, by (|1.3p and d{u'il\v*) = —vOu*, 

[uDv* ,w-^] — {uv*w}-^ , [uOv*,{zw*z}-^] = —{z{vu*w}*z}-^ . 

Because tr^ uDv* ^ trz vDu*, we have B{ho, u □ v*) — 2i trz{u □ v*). 

The subspaces p='= are isotropic, since i?(p='=, p='=) = ^iB{ho,[p'^ ,p^]) = 0. 
Now, 

S(C, C) = -B{u-§;, {zv*z}£) ^B{{zu*z}£,v-§;) ^4tTz{unv* + vD u*) . 

□ 

We remark that if Z is a simple Jordan triple, then g is simple PHI Theo- 
rem 4.4]. 

1.3 Tripotents and faces of D 

Tripotents An e e Z is a tripotent if {ee*e} = e. The Z\{e) ~ ker(e □ e* — A) 
are called Peirce X-spaces. Then Z = Zo{e) © Zi/2{e) Zi{e), orthogonal 
sum w.r.t. the trace form [411 Theorem 3.13]. We have the Peirce rules [59l 
Proposition 21.9] 

{Z^{e)Zp{e)*Z^{e)} C Z,_^+^(e) , {Zo{e)Zi{e)* Z} = {Zi{e)Zo{e)* Z} = . 
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In particular, Zi{e) and Zo{e) are subtriples. For tripotents e,c, eDc* = if 
and only if {ee*c} = [411 Lemma 3.9]; we call e,c orthogonal (e _L c). Define 
an order by 

c ^ e :<^ {(e — c)(e — c)*(e — c)} = e — c and c _L e — c . 

Then non-zero minimal (maximal) tripotents are called primitive (maximal); 
e is primitive (maximal) if and only if Z\{e) = Ce {ZQ{e) = 0). Any unitary 
tripotent (Z — Z\{e)) is maximal; the converse holds for Z a Jordan algebra {D 
of tube type). 

Frames, joint Pierce spaces A maximal orthogonal set ei, . . . , of primi- 
tive tripotents is a, frame. In this case r = rkD. Define rkZ = r, rke = rkZi(e). 
Any tripotent equals ei + • • • + for orthogonal primitive Cj {41^ 5.1, Theo- 
rem 3.11]. Given a frame, the joint Peirce spaces are 

Zi-j = {z e Z\{ef.elz} = \{5ik + 5jk) ■ z Vfc} , ^ i ^ j < r . 

Then Z = 0o^.j^j^r ' ^oo = 0, and Zu = Ca (i > 0). li Z is simple, 
a = dim Zij, b = dimZoj are independent of i,j and the frame, and 6 = 
exactly if Z is a Jordan algebra. The canonical inner product (u|lj) is the unique 
/T-invariant inner product on Z for which vDu* — (uOv*)* and (e|e) — 1 for 
every primitive tripotent e. Its restriction to any subtriple is canonical. For 
simple Z, {u\v) = • tiz{uav*). 

Faces of D Given a convex set C c M"*, a subset F cC is a face if any open 
line segment in C intersecting F lies in F. We let F° (the relative interior) 
denote the interior of F in its affine span. A hyperplane is supporting if C 
lies on one side of it. A proper face is exposed ii F ~ C H for a supporting 
hyperplane H . 

For any tripotent e £ Z, define I?o(e) = D n Zo(e), the symmetric domain 
associated with Zo(e). Then e-|-_Do(e) is a face of D, and this defines a bijection 
between tripotents of Z and faces of D [HI Theorem 6.3]. All faces of D are 
exposed. 

Definition 1.4. For any tripotent e, let Go(e) — Auto (-Do (e))- Then Go(e) = 
Ko(e) • exppo(e) where i^o(e) = Auto(Zo(e)), po(e) = {^-\u G Zo(e)}. The Lie 
algebra of Ko{e) is to{e) = aut(Zo(e)) C I. In particular, KQ{e) C K, Go(e) is 
a closed subgroup of G, and e I?o(e) — Go(e).e = Go(e)/iiro(e). If c ^ e, then 
Go(e) C Go(c). 

1.4 Symmetric cones and formally real Jordan algebras 

We conclude our preliminaries with a short section on symmetric cones. This 
may seem to be somewhat of a digression, but will be important in what follows. 

Unitary tripotents and Jordan algebras A tripotent e G Z is unitary 
\i Z = Zi{e). It defines a composition z o w = {ze*w} and an involution 
z* — {ez*e}. Then o is commutative, e is a unit, and z'^ o (z ow) — z o (z^ o w), 
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so Z is a complex Jordan algebra [591 Proposition 13]. The triple product is 
recovered by 

{uv*w} — uo (v* o w) — V* o (w o u) + w o (u o V*) for all u,v,w lE Z . (1.4) 

The o-closed real form X — {x Z \ x* — x} is a real Jordan algebra. Fur- 
thermore, x'^ + y'^ — implies x = y = 0, i.e. X is formally real (or Euclidean) 
[m Theorem 3.13]. Conversely, for formally real X, Xc is a complex Jordan 
algebra whose underlying triple is Hermitian. The canonical real form of Zi[e) 
is denoted Xi{e). 

Symmetric cones Let X, dimX = n, be a real vector space with an inner 
product (lj : u). A convex cone £7 C X is pointed if it contains no affine 
line, solid if its interior in X is non-void, and regular if it is both pointed 
and solid. The dual cone by 17* = \^x € X | (x : ^ 0} is pointed (solid) 
if and only if fl is solid (pointed). Let il C X he a closed solid cone. Then 
GL(fi) ~ {g E GL{X)\g^l = fi} is a closed subgroup of GL(X); denote its Lie 
algebra by flt(ri). 17 is symmetric if 17* = 17 and GL(17) acts transitively on 17°. 
Any symmetric cone is pointed. 

Assume 17 symmetric. Then t?(g) = ((?~^)' is a Cartan involution of the 
reductive group GL(17), with compact fixed group 0(17) = 0{X) n GL(17), 
and we may fix e G 17° such that the stabiliser GL(17)e = 0(17) [T^l Proposi- 
tion 1.1.8]. Denote the Cartan decomposition g[(17) = o(17) © p(17). The linear 
map ^ I— *■ ^(e) : p(17) AT is an isomorphism. Define Mx G p(17) by Mx{e) = x. 
Then x o y — M^y makes X a formally real Jordan algebra with identity e 
[H Theorem IIL3.1]. On the other hand, n = {x'^ \ x E X}. This sets up a 
bijection between isomorphism classes of symmetric cones and of formally real 
Jordan algebras 12, Theorem in.2.1]. 

The connected component GL+(17) of GL(17) is transitive on 17°, and 0(17) 
is the set Aut(X) of Jordan algebra automorphisms {k E GL(Ar), k{x o y) = 
(kx) o (ky)) [m Theorem IILS.l]. Its Lie algebra o(17) is the set aut(Ar) of all 
Jordan algebra derivations (S E End(X) such that S{xoy) ~ [5x) oy + xo (Sy)). 
It can be seen that Aut(Ar) is the set of those triple automorphisms fc of AT (g) C 
such that fee — e, and that aut(Ar) consists of all triple derivations S such that 
(5(e) ^ 0. 

Idempotents and Pierce decomposition Any c E X such that = c is 
an idempotent. Let X\{c) = ker(Mc — A) is the Peirce X-space; we have the 
Peirce decomposition X — Aro(c) © Xi^2{c) ® Xi{c), orthogonal w.r.t. the trace 
form tTx{Mxoy)- The trace form on X is positive, symmetric, 0(17)-invariant, 
and hence proportional to (u : u). 

As above, we define orthogonality and ordering of idempotents. The non-zero 
minimal idempotents are primitive, and maximal orthogonal sets of primitive 
idempotents are frames. Their common cardinality is r = rkA". Then rkc = 
rk Xi (c) = /c if and only if c = ci -I- . . . -I- for orthogonal primitive Cj . The 
canonical inner product (lj|lj) is the unique 0(17)-invariant inner product for 
which (u o v\w) = {v\u o w) and (c|c) — 1 for any primitive idempotent c. If X 
is simple, then {x\y) ^ ^ • trx{Mxoy). 
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Orbits and faces of fl Let X be a simple formally real Jordan algebra, and 
fix a frame ci, . . . , c^. Let c*^ = ci + • • • + Cfc. The cone of squares decomposes 
into the r+l orbits GL+(f]).c'', A; = 0, . . . , r [H Proposition IV.3.1]. With any 
idempotent c, we associate the cone of squares fto{c) C Xo{c) — Xi{e — c). 

Proposition 1.5 ( 7 ). The set of faces of consists of 

no{c) = Xq{c) r\n = c^r\n^ {x^ \ xe Xo{c)} , c = c^ ex . 

In particular, all the faces ofQ are exposed. The dual face ofQo{c) is Qo{e — c). 
Two faces flo{c) and rio(c') are GIj^{Q)- conjugate if and only i/rkc = rkc'. 

Proof. The set of elements of rank fc in is GL+(ri).c'^; hence the conjugacy 
[T?l Proposition IV.3.1]. For x € X, x <E fl it and only if is positive semi- 
definite [HI Proposition IIL2.2], so nnXoic) = f^o(c). Since c e n = n* , is a 
supporting hyperplane, and c"*" nil is an exposed face. We have D flo{c). On 
the other hand, QHc'- C Xq{c) ii (? = c [T2, Exercise IIL3], so rJo(c) = n il. 

More generally, rio(e — c) = n ilo(c)-'-, and rio(e — c), rio(c) are dual faces. 
The extreme rays of i7 are the i7o(c) where rkc = r — 1 12, Proposition IV. 3. 2]. 
Since f2 is self-dual, any proper face _F C has a non-trivial dual face. Hence, 
rio(e — c) is a maximal proper face. The faces of contained in r2o(e ^ c) are 
exactly the faces of 51o(e — c). The claim follows by induction. □ 

2 Nilpotent orbits and faces, maximal parabol- 
ics, and principal faces 

We now return to our setting of a Hermitian Jordan triple Z of dimension n 
and the associated circular bounded symmetric domain D d Z. In this section, 
we introduce the minimal and maximal invariant cones in g, and classify their 
nilpotent faces. On the way, we reprove the classification of conal nilpotent 
orbits. We also introduce a class of faces (called principal) which are associated 
to maximal parabolic subalgebras. 

2.1 Weyl group-invariant cones 

Consider the positive symmetric invariant form defined by 

{^■■V) = -Bit^v) foraU ^ 9 ■ (2.1) 

Toral Cartan subalgebra Fix a frame ei, . . . , of Z. By [FT, Lemma 1.1-2], 
there exists a Cartan subalgebra t = t+ t~ C t where 

t" = {iCj □ e* I j = 1, . . . , r)R and t+ = {(5 G t\Sej = for aU j = 1, . . . , r} . 

(2.2) 

By Lemma [TT^ t is a Cartan subalgebra of g. Let tc = t(8)C, and A = A(gc : tc) 
the associated root system. Let Hq = iz-^. By Lemma [1.21 for a £ A, 

0c C ^ a{ho) ^ and 0c ^ pc ^ a(/io) ^ . 

This gives a partition of A into subsets Ac and A„ of compact and non-compact 
roots, respectively. We consider the Weyl groups W — W{A) and Wc — W{Ac). 
For a e A, let Ha G it be determined by the fact that B{Ha, ■) G Ma, and 
a(iJ„) = 2 27, ch. IV]. 
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Definition 2.1. Let $ be a positive system of A. Let <i>c — Ac n <i> and 
<i>„ = A„ n The positive system $ is adapted [17] if for all a, /3 € $„, 
a + /3 ^ A. Equivalently: Any <I>c-simple root is ^-simple; is VFc-invariant; 
for some (any) total order on (A)r defining i>, i>c < the set Ac U $„ is 
parabolic [ill Proposition VII. 2. 12]. 

Lemma 2.2. Lei A++ C Ac be a positive system, A^"*" = {a G A\—ia{ho) > 0} 
and A++ = A++ U A++. Then A++ is adapted, and p± ®aeA++ Ac"- 

Remark 2.3. For simple Z, adapted positive systems are {±1} x Wc-conjugate 
[Tfl Lemma VII.2.16]. Moreover, a non-compact simple Lie algebra has an 
adapted positive system if and only if it is Hermitian, if and only if it is the Lie 
algebra of complete holomorphic vector fields of a bounded symmetric domain 
|47l Proposition VII.2.14]. 

Minimal W^c-invariant cone Consider the following polyhedral cones in t, 

= cone {iHa \ a e A++) , uj+ ^ {H e t\-ia{H) ^ for aU a e A++} . 

Then a;+ = (— iA++)* is the dual cone of uj^ , and both cones are pointed 
and have non-empty interior. By Lemma 12.21 uj^ are W^c-invariant. We have 
uj^ C a;+ [m Lemma 10]. For k = 1, . . . ,r, define G H* by jkieeOe'^) = 
5ki and 7fc(t"'") = 0. Then (7^) is a strongly orthogonal set [HIl Lemma 1.3], 
i.e. 7fe ± 7^ ^ A, /c ^ £. 

Since iz-^ = ^Cj-De^ (t+), wc find 7fe e A++. There is a total vector 

space order on it* defining A++, such that < 71 < • ■ • < 7r. Consequently, 
71, . . . , 7r is the Harish- Chandra fundamental sequence |15[ II. 6]. In particular, 
(7fc) is a strongly orthogonal set of maximal cardinality |151 Lemma 8 and 
Corollary] . 

Definition 2.4. A root a G A is long if |a| ^ |/?| for all /3 G A contained in 
the same irreducible subsystem of A as a|j 

The 7fc are long [49l Theorem 2], [531 Lemma 1]. All positive, long non- 
compact roots lying in the same irreducible subsystem of A are VFc-conjugate 
[551 Lemma 2]. 

Lemma 2.5. The extreme rays of lu^ are generated exactly by iHa, a G A++, 
a long. In particular, lo^ — cone {ia{ej\I\ e*) \ a G Wc , j — 1, . . . ,r). 

Proof. By definition, the generators of the extreme rays of are among the Ha, 
a G A++. Since A, and hence w~, decomposes according to the decomposition 
of g into simple factors, we may assume w.l.o.g. that g be simple. For any 
short 7 G A++, 7 — i(7fe -I- ji), some k ^ i [53", Lemma 1]. Hence, 4|7p = 
|7feP + |7^P = 2|7fe|2,and 

{H^ : = 2171-27(0 = 217^1-^7^(0 + = (^7. + ^7. : 

for all ^ G t. Hence, iH^ = iH^^ + iH^^ lies in the interior of a face of dimension 
at least 2. On the other hand, llJ~ being polyhedral, there is a G A++, neces- 
sarily long, such that iR^o ■ Ha is extreme; but all such iHa are Wc-conjugate. 

^Any irreducible subsystem of A has at most two root lengths Chapter VI, § 1.4, 
Proposition 12]. 
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Returning to the semi-simple case, by maximality, any irreducible factor of 
A contains some 7^. Moreover, any long a G A++ is W^c-conjugate to any 7^ 
contained in the same irreducible factor. By Lemma [1.31 and (|2.2p . ejDe* is 
proportional to H^. . Suffices now to note that any polyhedral cone is generated 
by its extreme rays. □ 

Lemma 2.6. Let 7 G A^"*" be long. There is a frame ci, . . . , c,. such that t is 
given by \2. S\) (for ej — Cj), and an integer I such that 7(cj.nc^) = Ski cind 
7(t+) = 0. 

Proof. For some £, 7^ and 7 lie in the same irreducible factor of A; there is 
some fj G Wc such that aje — 7. Then a — Ad(A:) for some k G NK(i) [Ml 
Theorem 4.54]. Since k G Aut(Z), the fccj, j = 1, . . . , r, are orthogonal primitive 
tripotents, and 

Ad{k){epe*-§;) = fc-i'(z)-i{ej-e*fc-i(z)}^ = fc(e^.ne*)fc-i ^ (fce^-) □ (^6^)* 

where we identify linear maps and linear vector fields. Since Ad(/c) normalises t, 
we have a decomposition as stated. By the definition of 7^, the lemma follows. 

□ 

Corollary 2.7. The extreme rays of lu^ are generated by the i ■ eOe* where e 
is a primitive tripotent Wc-conjugate to an element of the frame ei, . . . , e^. 

Relation to the Weyl chamber The Weyl chamber associated to A++ is 

{H ei \ -ia{H) > for aU a G A++} . 

By definition, it is obvious that c+ C 0;"*"°. In fact, 7^I is a fundamental domain 
for the action of Wc on u;+ [JSl Lemma 1.5]. From this, one immediate deduces 
the following statement. 

Lemma 2.8. Let H = (afc) be the simple system defining A++, and define 
LUk i by ak{i-^e) = iSki- Then the generators of extreme rays of uj^ belong to 

2.2 Minimal and maximal invariant cones 

From now on, we assume that Z be simple. Then 3(6) = M- /iq where ho — iz-^. 

MsLximal and minimal cone Consider the map 1^ ui — il Ci t from the 
set of closed pointed G-invariant convex cones d g with non-trivial interior 
to the set of closed W^c-invariant convex cones uj such that C ui C ui^. It is 
an order-preserving bijection Theorem 2], and ri = {^G0 \ pi{0^) d uj} 
where = Ad(G')(5) and Pi is the orthogonal projection onto t. Moreover, 
Jl* n t = (il n t)* [53l Theorem 3] and any orbit in il° intersects the relative 
interior of to non-trivially. 

Let r2~ be the closed G-invariant convex cone generated by iz-^. Then 
we have iz Gw~nr2~° [551 Lemma 3]. All invariant cones with non-void 
interior have a X- fixed vector [62L § 2], so fl~ is minimal among invariant cones 
with non-void interior, and its dual fi"*" is maximal among pointed invariant 
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conesH From this, it follows that 51* n t = a;*. The following result clarifies 
the structure of the set of semi-simple elements contained in fl*. 

Proposition 2.9. Let ^ £ il^ be semi-simple. Then ^ is conjugate to an 
element of w* . //, in addition, ^ is regular, then ^ is conjugate to an element 
of Lu^° and hence contained in . 

Proof. The orbit is closed [63l Proposition 1.3.5.5]. Hence, it intersects t 
pn Theorem 5.11]. This proves the first statement. The second now follows 
immediately from the fact that the set of regular semi-simple elements is open 
[551 Proposition 1.3.4.1], and that the centraliser of ^ is a compact Cartan 
subalgebra. □ 

2.3 Tripotents, nilpotent faces, and nilpotent orbits of 
convex type 

Although Cayley triples have been extensively studied in the literature, we have 
to redo some of their theory to derive our result. In particular, we are interested 
in the following subclass of Cayley triples. 

(i/i)-Cayley triples A Lie algebra a is quasihermitian, if b = iaiiib)) for 
some maximal compact subalgebra b C a containing a Cartan subalgebra of a. 
If a is simple and non-compact, it is called Hermitian if some maximal compact 
subalgebra has non-trivial centre. A reductive Lie algebra a is quasihermitian 
if and only if it is the direct sum of a maximal compact ideal and Hermitian 
simple ideals |44j . 

Consider the basis of s[(2,M) given by iJ = (l^^^), X+ = (oj), AT" 
( 5 ) • Let () be a quasihermitian reductive Lie algebra. Recall that {h, x^,x^) G 
t)^ is called an 5l2-triple if the associated linear map, defined by iJ i-^ ft, and 
A* 1-^ , is a Lie algebra monomorphism. x"*" is called the nilpositive element 
of the triple. Given a Cartan involution 0, an 5[2-triple {h,x~^,x^) is called a 
Cayley triple if 9{x^) = —x^. 

An element ftg G f) is called an H -element if 3i)(ft.o) is maximally compactly 
embedded and Sp(ad/io) = {0, ±i}. Any _ff-element is semi-simple. With any 
_ff-element Hq, there is associated a unique Cartan involution 6 = 2 ad(/io)^ + 1- 
For example, iz-^ is an H-e\ement of g, and Z = 5(A+ — X~) is an if-element 
of 5(2. A homomorphism : f) ^ f)' of quasihermitian reductive Lie algebras 
with fixed iJ-elements Hq ^ t) and Hq G f)' is called an (iJi )-homomorphism if 
adhg o (j) = (j) o adhf). 

Given an iJ-element Hq € t) with associated Cartan involution 9, any Cayley 
triple (h, x^ , x~) will be called an (Hi) -Cayley triple if the associated homo- 
morphism 5I2 ^ () is an (iJi)-homomorphism (relative to the i?-elements Z and 

ho). 

Lemma 2.10. Let ho be an H-element in the quasihermitian reductive Lie 
algebra t) with associated Cartan involution 9, and let x i). Then x = x~^ for 
some Cayley triple {h,x^ ,x^) if and only if the following equation holds: 

[[9{x),x],x] =2x . (2.3) 

^For the invariance of observe that {Ad{g){x) : y) = {x : KA{'d{g)){y)) for all x,y £ q, 
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This Cayley triple is unique. In this case, (/i,x^)r is hAHq- invariant if and only 
if [hi^,x\ — ±^[6{x),x] ~ '^\h, and the triple is {Hi) if and only if the sign is 
+ . 

Proof. If a; = for some Cayley triple (/i, x^, x^), then h — [x'^ ,x^] — 

— [x,9{xy\ and of course x^ — —6{x). In particular, {h,x^ ,x~) is unique, and 
(P^l) holds. 

If equation (|2.3p holds, we define x'^ — x, x^ — ^9(x), h — — [x, 9(x)]. Then 
we have 9{h) = -9{[x,9{x)]) = [x,9{x)] = -h, 

[h, x] = 2x and [h, y] = 9{[h, x]) = 29{x) = ~2y . 

Thus, in this case, {h, x'^ , x~) is a Cayley triple. 

Next, observe that 3()(/io) = ker(l — 9). Setting z = ^{x~^ this implies 

that [Hq, z] = 0, so that ad(/io) leaves the eigenspaces of adz invariant. We have 

[z, h ± i{x+ + x~)] = ±i{h ± i{x^ + x^)) . 

If ad(/io) leaves (h, x^)r invariant, this implies that h ± i{x~^ + x^) is an eigen- 
vector of ad/iQi for the eigenvalue i or —i. The triple is (i?i) if and only if 
the sign of the eigenvalue is the same as for adz. Moreover, again because 
ker(l — 9) centralises ho, [ho,x] = ^[ho,x — 9{x)], so [ho,x] — —[hQ,9{x), and 
2[/io,a;] ~ [ho,x'^ + x~]. Taking imaginary parts in the eigenvalue equation, 
[ft-0i2^] — ^'^[9{x), x], and the (Hi) condition amounts to the requirement that 
the sign be +. □ 

Proposition 2.11. Fix the H-element ho = ^z-^, and let x G g\0 be the 

nilpositive element of some Cayley triple. This triple is {Hi) if and only if 
X G VL~ , if and only if x G In particular, the nilpotent elements of il^ 

belong to fl^ . 

Proof. Let {h, x'^ , x~) be the Cayley triple with x = 2:+. If {h,x^)R is ad/iQ- 
invariant, then [ho,x] — ±i/i by Lemma [2.101 Thus we compute e* '^'^^'^\ho) = 

ho T ^h±^x, and ±x = \imt-,oo2t~^e*'"^('''>{ho) G n- . 

By Lemma [2.101 if the triple is {Hi), then x G ft". If {h,x^)m_ is ad/io- 
invariant, let x G fi^, and assume that the triple is not {Hi). Then [/lo:^;] = 

— ^['d{x),x] and —x G il". But il^ C il^, and f2+ is pointed. This is a 
contradiction, so the triple must be {Hi). 

We need to check that x G fi"*" implies that {h,x^)s. is ad /iQ-invariant. 
It is sufficient to prove that = h + i{x^ + x~) G p+ U p^. Up to K- 
conjugacy, we may assume that x^ — x^ G t. Since —x^ = 'd{x) G fl'^ , we have 
z = — x^) G w"*", so —ia{z) > for all a G A++. Since [z,u+] = iu~^, 

we see that z G p+ = ©ctgA++0C- Hence, x G fl^ impHes that {h,x'^)R is 
ad /iQ-invariant. 

Finally, any nilpotent element is G-conjugate to a nilpotent element belong- 
ing to a Cayley triple [101 Theorems 9.2.1, 9.4.1], so the claim follows. □ 

For u (£ Z , define the Cayley vector field f + = = {u + {zu*z})-^, and 

= ± ^[CC.J) = ^(C„ ± 2tuau*) . 

For later use, we record the following simple formula: 

Ad{k){xt) = ic.fe„±Ad(fc)(z«nu*) = iCa.„±*(Mn(M* = xt ■ (2.4) 
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Proposition 2.12. Let e,c ^ be tripotents and s'^ = (^^,X^)r. Then 
, X^) is an [Hi)-Cayley triple and ±Xf- £ Moreover, [s'^,s'^] — 
if only if e J- c. 

Proof. First, note [[Coe; ^bel' Cce] = 4Ini(a6)^j^.g for all a,b,ce C, whence 

Clearly, X- = 79(X+), and [jz^,^-] = M«zf,Cj = IC- Hence, the 
triple , X^ , X^) is an (i/i)-Cayley triple, and ±X^ G 17^ by Lemma [2.101 
and Proposition (^mi 

Next, observe € s" for a = e, c. Since 

[C , C] - [C , C] = iC , C + ^erd = 4e □ c* , [C , = [e □ e* , c □ c*] , 

e and c are orthogonal if and only if [s'^,s'^] = 0. □ 

Remark 2.13. Paneitz [531 Lemma 4] proves that X^ G for e primitive. 

Proposition 2.14. Lei (/i, a;^,a;^) be an (Hi)-Cayley triple. Then there exists 
a unique non-zero tripotent e £ Z such that h ^ and = X^ . 

Proof. We have h £ p, so h ^ for some e £ Z\0. Set z = — x^) £ i = 

aut(Z). The value z(e) £ Z makes sense, and ^^^^^ — [z, h] = — (a;+ + x^). 

By assumption, ad z and ad ho (where Hq = iz-g^) coincide on C(/i, x~)-r. 
Thus, ^^(e) = [^OiCtT] — Cie- This shows that z(e) = ie. Next, 

so e = {ee*e}. We have x+ + x~ = x+ - a;^ = = \[ie ■•^-ie]- 

□ 

Remark 2.15. The result ^5, Proposition 4.1] seems to be somewhat similar. 

We now introduce certain Heisenberg algebras associated to tripotents of Z. 
They will play a major role in the determination and description of the faces of 

Conal Heisenberg algebras In what follows, e, c shall denote tripotents. 

Definition 2.16. Given e, and any set A C C, letg'^[A] = 0^^^ ker(ad^~ — A). 
Then = 0'=[-2, -1,0, 1,2] by [HJ Lemma 9.14]. Moreover [loc.cit.), 

0'^[O] =r Zo(e)®Xi(e)} where r = {(5 e t|(5e = 0} . 

Let 

= C + [C , C] = C +2{eUu* -uUe*) 
C = C + |[C,C] =i- + [enu*-une*) for aU u£Z . 

Then Xf = ^C^l^, and {loc.cit.) 
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Furthermore, q*^ = 0^[0, 1,2] is a maximal parabolic [HJ Proposition 9.21], 
and t)'^ = g^[l,2] is its nilradical. We call t)*^ a conal Heisenberg algebra. 

Recall that to{e) — aut(Zo(e)) and ti{e) — aut(Xi(e)) are, respectively, the 
set of triple derivations of Zo{e), and the set of algebra derivations of Xi{e). 
Similarly, we consider po(e) = {^uW ^ ■2'o(e)} and pi(e) — {^u\^ G 

We already know that flo(e) = 6o(e)®po(e) is the set of complete holomorphic 
vector fields on -Bo(e). Let gi(e) = ti{e) ® pi(e). Then by [Ml Lemma 21.16], 

Ad(7e)(C) = 2Mu and Ad{je){S) = S for all u £ Xi(e) , (5 € aut(Xi(e)) 

where Mu{v) — uov, so that Ad(7e)(0i(e)) = gl(rii(e)). 

We have [00(e), 0i(e)] = by the Peirce rules. Let m'^ = r n(to(e)©!i(e))^. 
If we let a = , • ■ ■ j )b for some frame such that Cj ^ e or e_,- _L e for all j, 
then m'^ C 3{(a). Using this fact, it is easy to see that m'^ leaves 0i(e) (z — 0, 1) 
invariant, so that, as Lie algebras, 

0'[O] = 00(e)® 01(e) ©m^ = aut(i^o(e))© Ad(7-i)(fl[(r!i(e))©m^ . (2.5) 

Define a linear isomorphism (p'^ : Zi/2(e) © Xi{e) — > l}^ by 

0^(7.,z;) = r;^ + C,,/2 . (2.6) 

Definition 2.17. Let U, V be complex vector spaces, V be endowed with an 
antilinear involution *, and K he a closed convex cone such that x* — x for all 
X d K . A sesquilinear map (j) : U x U —>■ V such that (/)(m, v)* — 4>{v, u) and 
(/'(u, u) Q K \ Q for all w 7^ is called K-positive Hermitian. 

Proposition 2.18. Define : Zi/2(e) x Zi/2(e) ^i(e) by he{u,v) = 8 • 
{uv*e}, and qe{u,v) — linhe{u,v) — Ai ■ ({wu*e} — {uv*e}) G Xi{e). Then hf. 
is fli{e) -positive Hermitian, and if we let 

[{u,v),{u' ,v')] = {0,qe{u,u')) for all u,u' £ Zi/2{e) , v,v' e Xi{e) , (2.7) 

then Zi/2(e) © A"i(e) is a Lie algebra isomorphic to t)'^ by the map (j)'^ from \2.6\) . 

Since the subspaces 0'^[A], A = 1,2, are q'^[()\- invariant, we obtain 0'^[O]- 
module structures on Zi/2(e) and ^i(e) by transport of structure. Here, P — 
00(e)© centralises q'^[2\, and Qi{e) acts on Xi(e) via 

S.v — S{v) , £,u -v — 2(u o v) for all u,v G Xi{e) , S G ti(e) . 

In particular, the action of Qi(e) on 0'^[2] is equivalent to the action of Ql{Qi{e)) 
on Xi(e), and therefore faithful. 

Futhermore, 0'^[O] acts on Zij^ie)) via 

S.v = S{v) , C-w = -2{uv*e} for all 5 £ r , m £ Zo{e)®Xi{e) , v £ Zi/2(e) . 

(2.8) 

In particular, 3(P K t)^) = 3(0o(e) k t)^) = 3(13'=) = 0'=[2]. 

Proof. The map is positive Hermitian by [HI 10.4]. Clearly, C 
0''[2] C 3(f)'^), and f]^ is a generalised Heisenberg algebra. For u,v & Zi/2(e), 
[vt:Vv] £ fl'^I^] and hence equals C'lrin/2 ^ -'^i(e). Since (1^^/2(0) = 

C™/2(0) = 

= K^vm = [C, [C,C]](o) + [[C,C],C](o) 

— 2 • {{ve*u} — {ev*u} + {eu*v} — {ue*v}) — 2 • {{vu*e} — {uv*e}) . 
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This proves that Zi/2(e) © -''^i(e) is a Lie algebra isomorphic to l)^. 

For X g rii(e)°, let ^^^(m, w) = {qe(iu,v)\x) for all u,v € Zi/2{e). Then 6e is 
a symmetric bilinear form, positive definite since r2i(e) is regular and self-dual. 
Since [(m, 0), (m, 0)] = {0,qe{iu,u)) for all u E Zi/2{e), we find = g'^[2] = 

Xi(e). 

Next, we consider the g'^pj-action on Xi{e). If ^ Po(e) ® Pi(e) and 

V e Xi(e), then [C'Cl„/2] = Cl™/2 for some w £ Xi{e). We have 

-fu; = 5[CJC'Cj^,/2]] = iC-»{ei,*u}-»{i,e*n}(0) = - f ({eu*w} + {t>e*w}) . 

For u G Zo{e), this is zero, and for u G -'^i(e), it equals —i{u o u) by (II. 4|) . 
Similarly, for S e r, [SX^^^^l = C™/2 gi^es -f^ = [S.^/^m = -^S{v), 
so w — S{v). For 6 £ to(e)) this is zero, and so it is if (5 S F is arbitrary and 

V — e. We have shown that flo(e) centrahses g'^[2], and that the gi(e)-action 
on Q^[2] is equivalent to the g[(r2i(e))-action on Xi{e). In particular, is a 
cyclic vector of the 0'^[O]-module Since it is annihilated by m*^ C and 
m'^ is an ideal of q"^ [0] , we see that m*^ centralises g"^ [2] . Evaluating [6, r^l] and 
[iu tVI] at zero for all ^ G m e ^o(e) ® -'^'i(e), and vectors v G Zii2{e) gives 
the remaining relations. □ 

Lemma 2.19. The centre of ti{e) is trivial. In particular, i/rke ^ 2, then the 
derived algebra gi(e)' = [gi(e), 0i(e)] is a non-compact, non-Hermitian simple 
Lie algebra, //rke ^ 1, then gi(e) = is Abelian. 

Proof. By Ad(7e)(gi(e)) = g[(17i(e)). The Lie algebra gl(f^i(e)) is re- 

ductive with centre RAfg. Because Xi{e) is a simple Jordan algebra for e 0, 
g[(ili(e))' is a simple Lie algebra or zero. If rke ^ 2, then there exists an 
idempotent c G -'^i(e), < c < e, and Mc C g[(r2i(e))' generates an unbounded 
one-parameter group, so g[(r2i(e))' is non-compact. 

Finally, let 5 G i{ti (e)) and u G Xi(e). We have = [J, m □ e*] = 6* = 
Msm since (5e = 0, so (5w = 0. This shows that (5 = 0. □ 

Principal faces Using the identification (ff : Zi/2{e) ® Xi{e) f)"^ from Pro- 
position we consider the cone ^i{e) C -^i(e) as a subset of g'^[2] = 3(f)^). 
We point out that this notation is only meaningful if we keep the embedding (j)'^ 
attached to e in mind. (Indeed, r2i(e)) and (^~'^(— f2i(e)) are distinct!) In 
what follows, the chosen embedding will always be clear from the context. 

Proposition 2.20. We have ^1^(0)" = rii(e). 

Proof. Let il be one of il^ fl f)*^. Then is a closed pointed cone invariant 
under Ncii)'^), and in particular, under inner automorphisms of f)'^. Hence 
C = Q^[2] [101 Lemma 1.13], and by Proposition 12.181 fl is invariant 

under GL(r2i(e)). On the other hand, X^ = 0'^(e) G ft. Identifying fl with 
its image in Xi{e), this implies fli{e) C fl and fl* C fli{e)* — fli{e). Since 
fl is pointed, the interior of fl* in g^[2] is non-void. Hence, there is some 
X £ fl* n fli{e)°, and fli{e)° C fl* since fli{e)° is homogeneous. It follows that 
17* = f7i(e), and by duality, = f7i(e). □ 

Definition 2.21. Define F± = fl^ n {X")^. Since -X" € fl' C fl+, this is 
an exposed face of fl^ . We call a principal face. 
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Proposition 2.22. We have = n^Dq", and this is an exposed face of . 

The proof is preceded by two lemmata. 

Lemma 2.23. Let e ^ c be non-zero tripotents, n — dimXi(e), k = rke. 
Denote the canonical inner product of Xi{e) by (•!■). Then, for all u G Xi{e), 

V e Xx{c), 

{<P^{u):<j,'{v)) = ^-{u\v) and = . 

Proof Let c e, u e Xi(e), v e X^[c). Then = -^^ + iKr,CJ> 

Since i[Kc-,C],Ce"] = by |L2l), this is for For by Lem- 

ma [TT31 



□ 



Lemma 2.24. Let C g &e a closed set invariant under R^q anc? Ad(expt^g ) 
for allte M. //e = Ej=fc^j e i«/iere e 0^[i], i/ien e f^- 

Proof We have Ad(expt^-)(^) = X^^^^ e^*-Cj e for all t e R. Hence, we have 
£,k = limt^oo e*^* Ad(exp-t^g-')($) e and = limt^oo e"'^* Ad(expt^-)(0 e 
ri, proving the lemma. □ 

of Proposition\ME If e = 0, then X- = 0, = and q'^ = g. W.l.o.g., 
we may assume fc = rke > 0. Since = — CcT' ad^^T is symmetric, and its 

eigenspaces are orthogonal. In particular, <:f ± 0'^[^2] 3 AT", and ri^nq*^ C F^^. 

For the converse, let ^ £ F^''^, and write ^ = X^j^_2 where G fl'^b]- 
Since X~ is an eigenvector of ad^~, F^ is invariant under Ad(expt^jr) for all 
t £ M, so we can employ Lemma [2.241 In particular, £ F^ n f)^'^. By 
Proposition 12 . 20[ = 4>~'^{u) for a unique u e — rii(e). By Lemma [2.231 

(e.2 : A-) = -(.^--^N : r^(e)) = -f («|e) 

where n — dim Ai(e). This is positive if u ^ 0, so u = and ^_2 = 0. Therefore, 
^-1 e n by Lemma [121 Then Proposition gives = 0, and 
eeq^ □ 

Corollary 2.25. For any tripotent e, f2i(e) C il^ is a face of Vi^ and VL^ . 

Proof. It sufficient to show that rii(e) is a face of F^. Hence, let £,,r] £ F^ 
such that ^ + 77 G fii(e), and decompose ^ = X]j=o 0' V — X]j=o '^i' according 
to the grading of q*^. Then ^0+^0 = by assumption, and £,o,Vo G by 
Lemma [2.241 This implies £,0 — rjo — 0, and ^1,771 G 51^ by the same lemma. 
But then Proposition 12 . 201 implies that £1 ~ rji ^ 0. Hence the claim. □ 
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Nilpotent faces and nilpotent orbits We will now give a precise descrip- 
tion of the conal nilpotent orbits. They are intimately related to the nilpotent 
faces of r2^. 

Definition 2.26. Let F C be a face. If F° contains a nilpotent (semi- 
simple) element of g, we will call F a nilpotent face (semi-simple face). 

For any tripotent e, let Oe ~ Ad(G)(X+). Let Mk be the set of rank k 
tripotents. 

Theorem 2.27. Let e be a tripotent of ike = k, and let — Zxie)- Then 

a = UceA/. - K r!i(e)° . (2.9) 

In particular, Oe depends only on the rank of e; moreover, 

rk e 7^ rk c =^ OeC]Oc = and rk e < rk c =^ Oe cO^ . 
Every nilpotent orbit in f2+ is one of the Oc', every nilpotent face is one of the 

r!i(c). 

Remark 2.28. The classification of conal nilpotent orbits is contained in [521 
Theorem 2], [THl Theorem IIL9], (55] Lemma 4]. The description in terms of 
tripotents and the connection to nilpotent faces is, however, new. While the 
parametrisation of the conal nilpotent orbits by tripotents might be deduced 
from [191, Theorem IIL9] by applying Proposition 12.141 our proof of the more 
precise result is independent of existing results, and at the same time, shorter 
and more elementary. 

of Theorem \EFi\ By Proposition Oe <Z^^. If rke = rkc, then l{e) = c 
for some t € K ^ Corollary 5.12]. Then kA{l){X+) = X+ by so 
a = Oe. 

Let X E il+ be nilpotent, x ^ 0. Then x E fl^ and there exists g E G such 
that Ad{g){x) = x'^ for some Cayley triple {h,x'^ ,x~) [IHl Theorems 9.2.1, 
9.4.1]. By Proposition 12.111 the triple is (-ffi), so Ad{g){x) = X+ for some 
tripotent e, by Proposition l2.14l Let F be the face of = fi* generated by x. 
Since n q''[2] = 9,i{e) is a face of f2 by CoroUarv 12.251 Ad(5)(i^) equals the 
face of ili(e) generated by a; = But this face is rii(e) itself. 

By the Iwasawa decomposition, G is generated by K and the analytic sub- 
group associated with cf . Since Q'^ normalises 0'^[2] = Xi(e), we find that 
Ad(£)(F) = rJi(e) for some i E K. From ((Ti)) . F = r2i(c) for some tripotent 
c = l^^{e) with rkc = k. Let Gi(c) be the analytic subgroup of G associated 
with 0i(c). By Proposition l2.18l the action of Gi(c) on g^[2] corresponds to the 
action of GL(rii(c)) on Xi{c), and is thus transitive on F° . This proves the 
equation (|2.9p . the exhaustion of nilpotent orbits in 57+, and the exhaustion of 
nilpotent faces. Since c is the only tripotent contained in Q,i{c)° , Ad(G)(a;) — Oe 
does not contain any rank k — 1 tripotent. Similarly, any tripotent c' c is 
contained in r2i(c), and therefore in O^. □ 

Corollary 2.29. Let e be primitive. Then Vl^ = co{Oe) = U co(Oe). 

Proof. Let G = co(C'e) C Vl^ . Then G is a G-invariant closed convex cone. We 
have Oe = Ky.K- (K>o ■ X+), so G = U co(C'e) = K;so • co(Ad(Js:)(X+)). 

To see that G ~ il^, it remains to be shown that iz EC. We have 
±Xf E Oe, so ie □ e* = \{X+ -X^) E G. By Lemma 1^ and the if-invariance 
of G, U!" C G. But iz 4- E ijJ^ , and therefore, G = fi^. □ 
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Corollary 2.30. Every conal nilpotent orbit Oe is a K-equivariant fibre bundle 
over K/K*^ = Mk (for k — rke), with contractible fibres. In particular, Oe is 
K-equivariantly homotopy equivalent to Mk- 

Remark 2.31. The projection of the fibre bundle rii(e)° Oe ^ Mk [k — rke) 
associates to a nilpotent x the unique y which generates the same face of 51" 
as X and is the nilpositive element of a Cayley triple. In particular, with any 
nilpotent element of fl~ , we may associate a canonical Cayley triple. 

3 Classification of the faces of the minimal in- 
variant cone 

In this section, we classify all faces of il~ . First, we study in detail. 
3.1 Fine structure of the principal faces 

We have seen that the exposed face is contained in the maximal parabolic 
q*^, and in particular, invariant under inner automorphisms of q*^. However, this 
is not the definitive statement on F^: the linear span of F^ is a proper ideal 
of q^ 

Proposition 3.1. We have F^ = 51=*= n (0o(e) x f)'^)- If^ke < r, then both of 
the faces F^ span 0o(e) k [)^ //rke = r, then F^ = f7± ng'^p] ^ fli(e) C Vt- . 

The proof requires a preparatory lemma. Fix a frame ei, . . . , e^, and recall 
the compact Cartan subalgebra t = t+ © t" from (|2.2p . Let a = (^^T^ , • ■ • , ^jT )r, 
m = 3e(a). 

Lemma 3.2. Let e = efe = ei + • • • + e^. We have tn m = t"*", and 

t"[0] = t n fl'^[0] = (i ■ epe* I J = fc + 1, . . . , r) © t+ C r . 

The subalgebras g'^[0], 0o(e), and m'^ of g are i-invariant. Moreover, to(e) = 
tngo(e) and t+ n m'^ are Cartan subalgebras of Qo{e) and m'^ , respectively. 

Proof. Since [(5, ^e^.] = £,se. for all 5 G t, t+ C m = 3e(ci)- For the converse, we 
have {cc*c} = c / for c = e^, so m n = and t n m = i+. Since m'^ C m, 
tnm^ C t+. 

Moreover, iej Oe* E ia{e) if j > k, and if j ^ k, then 

[(5, iej □ e*] = i ■ (Sej) □ e* + i • e, □ (Sej)* ^ for all 5 G T , 

and i • Cj a e*] = -Ge e*«} = fo^" all u e Zo{e). 

We conclude that ^ is t-invariant, and ^^[0] — {iejDe* \ j = k + I, . . . ,r) (B 
t+ C P. In addition, to(e) and t+ flm'^ are Cartan subalgebras of go(e) and m'^ , 
respectively [5i Chapter VIII, § 3.1, Proposition 3]. □ 

Let i^^{e) denote the minimal and maximal cones of the Lie algebra go(e), 
cf. Definition ll.4l Likewise, set w^{e) — fl^(e) nto(e). Then 

w+(e) W(7(e)* and Wo"(e) = | a £ A++ , gg C go,c(e)) . 

Here, go,c(e) = go(e)(8>C. The set {a e A++ | gg C go(e)} coincides with the set 
of positive non-compact roots for go(e), since this algebra is t- and ??-invariant 
[51 Chapter VIII, § 3.1, Proposition 3]. 
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of Provosition [J7J[ We have rke < r if and only if 2o{e) ^ 0. In this case, 
t) = to(e) ©Xi(e) is a compact Cartan subalgebra of go(e) k f)'^. The intersection 
of a generating cone with such a Cartan subalgebra completely determines the 
cone [ni Proposition III.5.14 (ii)]. Thus, we claim that = Q.^r\ (go(e) k f)"), 
independent of the rank of e. This will imply the assertion for rke < r; for 
rke = r, it follows from Proposition 12.201 

Assume that we have shown C I = go(e) ix f)"^ and that F^ n f) is solid 
in f). Since F^ = 0=*= D q^, F^ is invariant under inner automorphisms of q*^, 
and in particular, of [. It follows that F^ is the unique pointed invariant cone 
in [ whose intersection with f) is F^ n [), and this intersection is regular in [ 
[17, Theorem III. 5. 15, Proposition III. 5. 14 (iii)]. Thus, once we have shown our 
assumption, it is clear that [ is spanned by F^. 

In view of Lemma |2.24[ it is sufficient to prove that f7±nB^[0] = f^^(e), and 
that u)^ n g'^p] = Lj'^{e). Moreover, we may assume e = = ei + • • • + efe, 
and k ^ 1. From (j2.5p . we have ^'^[0] = 0o(e) © m*^ ® 0i(e) for some compact 
reductive ideal m*^ C m = 3{(a) of 0o(e)- Moreover, go(e) ® tn'^ is invariant under 
t by Lemma [221 Let pi be the orthogonal projection onto t. Since t _L p and 

(i-e^. □e*:(5) = -2itrz(((5e^-)ne*) = for aU 5 e « n g"[0] , j sC fc , 

by Lemma[I31pt leaves 0^[O] invariant. Thus, pt(n-n0'=[O]) = w-n0'=[O] C ^=[0]. 

Lemmata 12.51 and 13.21 give cj~ Ci go{e) — '^o'(e)- Hence, fi" n0o(e) = ^l(7(e) 
[53l Theorem 2]. Let V,^ = Q^riQ'^[0]. Then il^ is closed, pointed, and invariant 
under inner automorphisms. Hence, = — il^ is an ideal of g'^[0]. Since 
0'^[O] is reductive, so is a^, and moreover, quasihermitian |44i Proposition II. 2 
and Lemma II. 4]. Lemma [2.191 implies n0i(e) = 0, since has neither 
proper non-compact Abelian nor non-Hermitian simple ideals. We conclude 

Ca"^ C 0o(e) ©m''. 

Let ^ £ u!~^ n m*^. Seeking a contradiction, assume ^ / 0. Then there is 
a e A++ such that a(0 > 0. Since [^^^,^1 = 0, flg C [C,p+] C p+ is ad^"- 
invariant, and hence contained 0'^[^]c for some £. But [Cr,0c] [PcPc] C tc, 
and tc n = 0, so necessarily £ — 0. Since m'^ is an ideal of 0'^[O], so = 
Be] C m'^ n p+ = 0, a contradiction. Therefore, a;+ n m'^ = 0. 

Since tn (go(e) ©tn'^) = to(e)©m'^nt+, the projections pt andpm<= commute, 
andpm<=(^^''^n0'^[O]) = uj^ nm'' = 0. Consequently, ijj~ng^[0] —luq^c), and this 
entails ft" — ft'^{e). As for the dual cone, clearly ri+ng'^[0] C ft'^{e)* = n^{e). 
In particular, we have the inclusion u)^ n g'^[0] C uj^{e). 

Conversely, for a £ A++, non-vanishing on LJQ{e), we have gg C Dg'^pjc- 
If gg ^ 0o(e)c, then, since Q^Dm" ^ 0, gg c gi(e)c- Because a{io{e)) ^ 0, we 
find that gg C [to(e), gi(e)c] C [go(e)c, 0i(e)c] = 0, which is a contradiction. 
Therefore, gg C go(e)c- This means that a is a root for go(e) : to(e), and hence 
—ia ^ on io^ie) by definition. We have established that —ia ^ on Lo^{e), 
for all a S A++. Hence, we have that uj^(e) C w+ ng'^[0], and equality follows. 
In particular, we have f]+ n g'^p] = f7+(e) jSH Theorem 2]. □ 

Remark 3.3. We use techniques due to Neeb |47l Proposition VIII.3.30]. 
3.2 Semi-simple and general faces 

We now construct the semi-simple faces and use general results on Lie algebras 
with invariant cones to determine the structure of arbitrary faces of il^. In 
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particular, all these faces span subalgebras of g whose Levi complements are 
given by the 0o(e). 

Construction of semi-simple faces 

Proposition 3.4. We have VL^{e) = n r2i(e)^ = 0± n {X')^ n {X+)^ , 

and this set is an exposed semi-simple face of il^ . 

Proof. We have fti{e) C fi^ C ri+, so that fl^ n ili(e)^ is an exposed face of 
n^. We have D ni{e)^ ^ n {X+)^, because X+ = (/)^(e) S ni(e)°. 

As the intersection of exposed faces, F — F^ n Sli(e)^ is exposed. Since 
rii(e) spans g'^[2], Lemma [2.241 and Propositions 12.201 and [5TT] show that F = 

n^{e). □ 

Corollary 3.5. The nilpotent faces of fl^ are exposed. 

Proof. Note fii(e) = F^ n ^^^(e)^, and exposed faces form a complete lattice. 

□ 

We will show that the il^(e) exhaust the set of semi-simple faces. In view 
of the following lemma, it will suffice to show that they exhaust them up to 
conjugacy. 

Lemma 3.6. Let t) &e a suhalgebra of q conjugate to 0o(e) for some tripotent 
e. Then there exists a tripotent c, rkc = rke, such that \) = 0o(c). 

Proof. We may assume that f) ^ 0. Recall that g is the set of all complete 
holomorphic vector fields on the bounded symmetric domain D C Z. The 
group G acts on the set of faces of D, and each of the faces is of the form 
F = e + Do{e) where e is the unique tripotent contained in F. The normaliser 
of the face F is the parabolic q^, and the latter is invariant under ad^~. 

The unique ad ^"-invariant complement of the nilradical of q'^ is 0*^(0], and 
00 (e) is the unique Hermitian simple ideal therein by (|2.5p and Lemma [2.191 
By assumption, [} is the Hermitian simple ideal in the canonical complement of 
the nilradical of the normaliser of a face of D. □ 

The structure of general faces 

Lemma 3.7. Let H be a Lie group, and Q G t) a closed convex Ad H -invariant 
cone. Any face F offl spans a suhalgebra o/t). In fact, if ^ G F° andrj G nij(M^), 
then ad?7 leaves (-F)e invariant. 

Proof. Let F C be a face, and ^ e F°. Let 77 e ni,(R^). Then for aU i, 
Ad(expi77) normalises R^. Furthermore, G — Ad(t exp^)(i^) is a face of £7, 
since Ad(texp77) is a linear automorphism of f) leaving invariant. Moreover, 
Ad(texp77) is an open map, so ^ S G° . Hence, G — F 54, Theorem 13.1], and 
differentiating with respect to t, we obtain \q,F] C M>o ■ F — F = In 
particular, we may choose rj = ^. Since F° is dense in F, the claim follows. □ 

Definition 3.8. Let F be a face of Q^. We let Qp be the suhalgebra spanned 
by F and call this the face algebra. Furthermore, let vp be the radical of qf, 
rip the nilradical, jj? — 3(0f) the centre, and let Gf be the analytic subgroup 
of G associated with qf- 



20 



Proposition 3.9. Let Q ~ il^ and F be a face of Q. There exists a compact 
Cartan subalgebra ip C Qf, cmd a unique tp-invariant Levi complement Sp- 
Then Sp is quasihermitian semi-simple, and Qp = Sp \k np where [np, np] C 3_f. 
Moreover, np = [tp nsp,np] ® 3f as vector spaces. If ip — 0, then Qp — Sp; if 
Qp is solvable, then gp ~ ip is Abelian. 

If the proof, we will need the following definition. 

Definition 3.10. Let a be a real Lie algebra with compactly embedded Cartan 
subalgebra b. Let * be the complex conjugation of ac with respect to ia. A 
root a of a : b is called compact if a([x,x*]) > for some x S a^, and non- 
compact otherwise. Moreover, a said to have cone potential if ^ for 
each non-zero non-compact root vector x p[T, Definition VII. 2. 22]. 

of Provosition \3.9[ The face F is an AdC?F-invariant closed regular convex cone 
in fli?. It follows that g_F is quasihermitian with a compactly embedded Cartan 
subalgebra i^, and a maximal compactly embedded subalgebra tp. 

Let ti? be the radical oi Qp. There exists a unique tir-invariant Levi com- 
plement 5p of x-p [47l Propositions VII. 1.9, VII. 2. 5], and it is also Ji? -invariant. 
Furthermore, we have tp = xp(Mp®5pfMp, and if If = 5p(Bipf^x.p{^i{Qp)^ , 
then {p is a reductive subalgebra which is complementary to np in Qp (loc. cit.). 
This subalgebra is quasihermitian [JTl Lemma VIII. 3. 5, Theorem VIII. 3. 6], and 
hence, the sum of a compact and of Hermitian simple ideals. 

Since F is an invariant regular cone in g^?, this Lie algebra has cone potential 
[m Theorem IIL6.18]. Then [np,np] C }p = iiQp) [III Theorem III.6.23]. The 
subset Ip Dtp ® 3f is a Cartan subalgebra of Qp [171 Theorem VII. 2. 26], and 
since it is contained in t^, we find tp — Ip H ffl 3f- 

Let Ap = A(£iF,c : ^f.c), and denote by A^.n and A^.c the subsets of non- 
compact and compact roots, respectively. There exists a unique adapted positive 
system Aj''" such that ujp C F Ci tp C uip where ujp is the cone spanned by 
i[a;*, x] for x ^ Qp ^, a ^ ^Fn' ^^"^ '^^ all H E t such that ~ia{H) ^ 

0, for all a G Aj^^ 47, Theorem VII. 3. 8]. Let p^ p : Qp tp be the projec- 
tion along [tF,0F]- Then we have F ^ e Qp \ pt,p{Ad{Gp){^)) C tp D F} 
{loc. cit.). 

Thus, Qp = {C G 0F I Pt,F(Ad(GF)(C)) C 0;^;;} is contained in F, and hence, 
pointed. It follows that flp is the closed convex hull of Ad{Gp){ujp) fTf, Corol- 
lary VIII.3.31], so it is solid in Qp [17, Proposition III. 5. 14]. Consequently, [f 
has no non-zero compact ideal [13 Proposition III.3.30], and we have [f — Sp. 
Hence, Qp = SFffi[tFnsF,nF]©3F as vector spaces, because tp = SFntFffi3F- 
Since any Abelian ideal of Qp is central [371 Proposition VII. 3. 23], we deduce 
that Qp = Sp if 3f = 0. By the same token, Qp is Abelian if it is solvable. □ 

Next, we determine the structure of the Levi complement Sp. 

Proposition 3.11. Let fi ~ and F C il be a face. Let tp be a compact 
Cartan subalgebra of Qp and Bp denote the tp-invariant Levi complement of Qp. 
There exists a tripotent e such that 5p = 0o(e). 

The proof requires a little spadework. We begin with three lemmata which 
reduce the question to the study of the extremal rays of the cone Sp H w". 

Lemma 3.12. Lets be an ideal ofsp, and i ■ eDe* G 5. Then 5"^ C S (where 
we recall s'^ — (^^T, A'^)r from Provosition \2. 1 ^) . 
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Proof. Since z • e □ e* = ^ {X+ - ) and ±X^ E ft , we have i • e □ e* £ 
i}~ n s C F. Because F is a face, it follows that ±X^ e F. Now, i ■ eOe* 
remains unchanged if we replace e by te where tt = 1. Theorem 12 . 2 71 shows that 
the minimal nilpotent orbit of 17" n is the union of the rays spanned by the 
tt = 1. By Corollary 12.291 the minimal cone n~ n is generated by this 
orbit, and hence C Qf- Now, s*^ it is not completely contained in and is 
simple, so it is contained in 5p. Since it intersects s non-trivially, we conclude 
s'^CSf- □ 

Lemma 3.13. Let s be an ideal of Sp o,nd i ■ eOe* £ s. Then s'^ C s for all 

< c e. 

Proof. From the previous lemma, we have ^X^ e F Osp. Then F contains 
the faces r2i(±e) of generated by these vectors. In particular, ±X^ G F 
for all < c e, and i ■ cDc* = ^{X+ - X;r) e F. The simple algebra 
cannot be completely contained in rii?. Arguing as in the previous lemma, we 
find s"^ C Sp. □ 

Lemma 3.14. Assume that the span of those i ■ eDe* which belong to Sp 
contains a Cartan subalgebra ofsp. Then the algebra Sp is simple. 

Proof. Assume that splits as the direct sum of ideals Si ©S2. By assumption, 
there exist orthogonal tripotents Cj such that i ■ ejO Cj * G Sj . But then e = 
ei +62 satisfies eDe* = ciDei* +e2ne2*. By Lemma [3.121 s'^ C Sp. Since 
is simple, it must be contained in one of the ideals, 5'^ C Si (say). But then 

1 • 62 □ 62* G Si, by Lemma 13.131 a contradiction! □ 

of Proposition \3.11[ The semi-simple subalgebra 5 = Sp is reductive in q and, 
possibly replacing F by a G-conjugate, we may assume that it is i?-invariant [63l 
Lemma 1.1.5.5]. Then we have tpCis C t [171 Proposition Vn.2.5]. Replacing tp 
by a conjugate under inner automorphisms oftpDs (which are elements of K), 
we may assume tfls C t^- Then tpOs is contained in a Cartan subalgebra of g 
contained in Replacing F by a X-conjugate, we may assume that n s C t, 
so t n s = t_F n s is a Cartan subalgebra of s contained in tp Ci s C t. 

It follows that As = A(sc : Sc n tc) C A, and that the subsets A^ ^ and 
As,„ of compact and non-compact roots are, respectively, contained in Ac and 
A„. We may choose an adapted positive system A++ contained in A++. Let 
Lj^ be the cone spanned by iHa where a S A++, and let ojf be the set of all 

e t n s such that ~ia{H) ^ for all a E A++. It is immediate that A++ is 
the set of all a S A^"^ for which a{t n s) ^ 0, and hence s n lu^ — ujf. Since 
uj~ is pointed, w~ is pointed, and its dual cone uj^ is solid in tfis. Since w"*" is 
pointed, ojf is pointed, and its dual cone lo'^ is solid in t fl s. Therefore, both 
of (jjf- are regular cones in t n s. 

Since Q, is an invariant regular cone, g has cone potential [T71 Theorem III. 6. 18] . 
We have A^^n C A„, so s has cone potential, too. Since s is semi-simple, there 
exist unique invariant convex cones il^ C s such that n t = ujf [T71 Theo- 
rem III. 5. 15, Proposition III. 5. 14], and they are regular. Since n tOs = w^, 
it follows that n s = il^ is an invariant regular convex cone in s. Because il^ 
is pointed, s has no compact ideals, and is therefore a Hermitan non-compact 
Lie algebra [47, Proposition VIII. 3. 30]. 

Observe now that s is z9-invariant, and that Sc H pc = Sc H p+ ® Sc H 
because A^.n C A„. This decomposition allows the reconstruction of the triple 
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product, and it follows that Zp = Si? H p, which is a positive Hermitian Jordan 
triple in its own right, Sf being Hermitian non-compact, is a subtriple of p = Z . 
Because ojf — 500;+, it follows from Corollarv l2 . 71 that tfls is spanned by those 
i ■ eOe* which lie in t n s. By Lemma [3. 141 s is simple, so Zp is simple. 

After renumbering, iSjO e* G tfls for j — 1, . . . ,rp where ei, . . . , Crp forms a 
frame oi Zp. If e = ej+i + - • ■ + er, then the simplicity oi Zp implies Zp = Zo(e). 
Thus, s = 00 (e)- Finally, invoking Lemma[S!Sl this conclusion also holds without 
replacing by a G-conjugate. □ 

3.3 Determination of the faces with non-reductive face al- 
gebra 

In order to determine all faces with non-reductive face algebra, the main step 
is to understand their centres. This is the content of the following proposition, 
which also will help us determine the faces with reductive face algebra. 

Proposition 3.15. Let F C = fi^ be a face and gp = 0o(e) k where 
rke < r. Assume that ip = 3gj?(0o(e))- Possibly replacing e by —e, we have 
Qp C , np C t)*^, and there exists a unique c ^ e such that ip ~ 0^[2] and 

Fn^p = f7i(c). 

The proo/requires some preparatory lemmata. 

Lemma 3.16. Let u,v G Xi{e). Then [(t)'^{u),(t)^'^{v)]{Q) = uov where o is the 
Jordan algebra product of Xi{e). 

Proof Recall from ^ that = C%2 = C„/2 ± MC'C^/a]- Then 

[C , CI (0) = I [[C , , U (0) + 1 [[C , U , U (0) 

— j[{e{iv)* (iu)} — {{iv)e*{iu)} + {e{iu)* {iv)} — {{iu)e* (iv)}) 

— j(2 ■ u o V + {ev*u} + {eu*v}) = uo v , 

because u* = u and (|1.4p give 

{eu*v} — {ev*u} = e o [u* o v) ~ u* o [v o e) + v o [e o u*) — u o v . 

□ 

Lemma 3.17. Under the assumptions of Provosition W. 151 0'^[±2]n-F are faces 
of F, and 0^h2, 2] n F = 0^h2] n F © fl^[2] n F. 

Proof. Let and p2 — P2 + P2 be the orthogonal projections onto 0'^[±2] 
and 0'=[-2, 2], respectively. By Lemma ptiiF n F) <Z 0''[±2] n F, and the 
converse inclusion is obvious. By the same lemma, 0'^[— 2, 2] n F = 0'^[— 2] OF© 

0l2]nF. 

Now let y G F such that x + y G 0"^[2] n F. Write x — X]^=-2 -^j' V ~ 

Si=-2 Vj where Xj,yj G Q^ij]- Then x^2+y-2 = 0, and with x^2,y-2 G F, this 
implies X-2 = y-2 — 0. By Lemma [2.241 and Proposition 12.201 = y_i = 0. 
Then xq + yo ~ where xo,yo G F, and this implies xq = yo = 0. Then 
x^i — y^i — {loc. cit.). We conclude that x — X2,y = y2 ^ 0*^(2] fl F, so this 
is a face. Analogously, 0'^[— 2] fl F is a face. □ 
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Lemma 3.18. Let ci 1- ci he tripotents. Then Zj(ci + C2) = Zj{ci — C2) for 
J = 0,i,l. 

Proof. Suffices to observe (ci ± C2) □ (ci ± C2)* = ci □ ci* + C2 □ C2*. □ 

of Provosition [J7T5[ The spaces fl'^iil] are zero or faithful go(e)-inodules [551 
Chapter III, § 4, Proposition 4.4, CoroUary 4.5]. Hence, 

3F = gFnK®0i(e)®0^[-2,2]) (3.1) 

where we recall 0'^[O] = 0o(e) © 0i(e) © m"^ from (|2.5p . 

Let u± e Xi{e) such that G F. Then G 3f, and by Lem- 

ma lXTel u+ou- ^ [(?!)^(u+),(/)-'=(m-)](0) = 0. On the other hand, G ±17i(e) 
by Proposition 12.201 and — (e|w+ ou^) = (eow+|w^) (m+Im^). If ^ e 
are such that ±r2i(c^) is the face of r2i(e) generated by u^, then r2i(c+) _L 
—fti^c"). In particular, c+ _L c~. 

Let = g'^[±2] n F. By Lemma [3.171 F^ are nilpotent faces of ft, so by 
Theorem 12.271 there exist tripotents ^ e such that F^ — (j)^'^{ni{±c^)). 
Necessarily, c"*" _L c~. By |41, Corollary 5.12], there exists some £ € K such that 
£(±c±) = c±, and e{e - (c+ + c")) = e - (c+ + c"). 

By the above considerations, whenever Xi(c) C Xp, then C Xi{e — c). 
There exist ^ e such that Xi(c±) C (e.g. = Xi(0) C Then 
c+ -L c^, and Xp x X^^^ C Xi(e — c^) x JCi(e — c+). By Lemma 13. 181 the Peirce 
decompositions for the tripotents e and £{e) are identical. On the other hand, 
it is clear by (EH) that Ad(^)(g=- [-2]) = 9^=- [2] C fl'^p]. 

Thus, if we set F' = Ad{£){F), then we obtain gp' = 0o(^(e)) © ^F' where 
the nilradical np' = [n_F', to(i'(e))] ©3_f', and 

ip, n [-2, 2] = Ad{£){F n 0^[-2, 2]) = 0^+ [2] © 0^ [2] C 0^[2] . 

Furthermore, 0*^(2] fl i^' is a nilpotent face by Lemma r3.18l and therefore equals 
ni{c) for some c =^ e, bv Theorem [T?7l In particular, 0== [2] nF' Ad(£)(0^[-2, 2]n 
F) is an irreducible cone. Hence, one of the faces 0'^[±2] n F must be trivial. 

Possibly replacing e by — e (which does not change F or 00(e)), we may 
assume that 0'^[— 2] nF = 0. We set c = c+. Arguing as usual with Lemma [2. 241 
and Proposition l2.201 we find that 0_f C q" = 0''[0, 1, 2], so that 0o(e) © 0'=[2] C 
0F C 0o(e) K f)% by Proposition O Moreover, C 0i(e) ©m'' © 0'=[2] by (ITT|) . 
It follows that 3f = 0''[2], Fn^p = f^i(c), and C t)^. □ 

Proposition 3.19. Let Q = and F <Z he a face. Assume that qf = 
00 (e) K riF *s not reductive. Then rke < r. Possihly replacing e hy —e, we have 
iP — 0^[2] — Xi{c) for a unique c ^ e, Qp = 0o(e) x t)'^''^ where 

= |,iGZi/2(e)nZi/2(c)}©0=[2] . 

Ln particular, we have F = F^^ — F^ fl F^ , and this is an exposed face of Q. 

In addition to Proposition 13 . 1 5l the proo/requires only the following simple 
lemma. 

Lemma 3.20. Let c ^ e, and [) C t)^ a suhalgebra such that f) n 0'^[2] = 0^[2]. 
Let I he the complex structure on induced by that of Zi 12(e). If i) H 0*^(1] 

is I -invariant, then 77^ G f) implies u G Zi/2{c) H Zi/2{c). 



24 



Proof. Let 77^ £ f). Then g'=[2] 3 [Irjl,!]^] = Cl„/2 '^here v = qe{iu,u) = 
8{-uw*e} by By Proposition if u ^ 0, then v =^ 0. In particular, 

V G Xi(c) \0. 

Now, Zi/2(e) — ^1/2 (e) fl ^1/2(0) © Zi/2{e) n Zo(c). If a lies in the second 
summand, then {aa*e} — {aa*{e — c)} G Zo{c). Similarly, {a6*e} G Zi/2{c) if a 
lies in the first summand, and b lies in the second. Because ft,e(a, 6) = 8{ab*e} 
is rii(e)-positive Hermitian by Proposition 12.181 {ab*e}* = {ba*e}, and we 
conclude that v G Xi{c) if and only if w G Zi/2(e) H ^1/2(2). □ 

0/ Provosition \3.1^ If we had go(e) — 0, then gi? would be nilpotent and hence 
Abelian |20l Lemma 1.13]. By the assumption, this is excluded, so 50(e) 7^ 0. Let 
t be chosen according to (|2.2|) for some frame adapted to e, and t^- = to(e) ® 3f 
be the associated compact Cartan subalgebra of g^^. Since is not reductive, 
we have np = JnF,to(e)] ® 3f and the first summand contains no go(e)-fixed 
vector [331 Theorem V.l]. Hence, 3f = 3gF (00(e)) ■ 

By Proposition [Till possibly replacing e by — e, we have qf C q*^, np C t)*^, 
and there exists a unique tripotent c ^ e such that Jf = O'^tS] and FD^p = rii(c). 

Hence, we have Wp ng'^j2] = 0'^J2]. On the other hand, Hq = iz-^ —ieOe* G 
?o(e) and /io(z) = |z for aU z G Zi/2(e). By ([2?8|l . it follows that the 0o(e)- 
module np Ci g'^Jl] is invariant under the complex structure I of g'^Jl]. Invoking 
Lemma [3.201 it follows that G Uf implies u G Zi/2{e) Pi Zi/2{c). Since np = 
[to(e),nF]©3F, we deduce that np = nFn0'=[l]©0'=j2] C Zi/2(e)nZi/2(c)®g'=[2]. 

Let [ = 00 (e) K (Zi/2(e)nZi/2(c)©0'=j2]). Then [} = to(e)©0'=j2] is a compact 
Cartan subalgebra of [. We have 0f C I and F^^ = F^ n F^ C I since 0o(e) C 
0o(c), 0'^[2] D q'^[2], 0o(c) n 0'^J2] — 0, and by the argument in the previous 
paragraph. The face F^^ is [-invariant since it is (00(e) k f)"^) n (00(c) ix f)'^)- 
invariant, and we have [ n fl = a;^(e) X rJi(c) = F n f). It follows that F C 
and i^g^j, is regular in [ (by the same argument as in the proof of Proposition l3.ip . 

But since F^^ n f) contains an element of the relative interior F^° [T71 Propo- 
sition HI. 5. 14 and proof], it follows that the faces F and F^^ are identical. In 
particular, 0f = I, and since the lattice of exposed faces is complete, F is an 
exposed face. □ 

Corollary 3.21. Let F C = 0,^ be a face with reductive face algebra gp. 
Then F is a semi-simple face of the form F = fl^{e), or gp is Abelian. 

Proof. By assumption and Proposition 13 . 1 ll gp — 0o(e) ®3f- We may assume 
that rke < r since otherwise Qp = ip is Abelian. Then Proposition l3 . 1 51 implies 
that (after possibly replacing e by — e) there exists a tripotent c ^ e such that 
3f = 0'^[2]. We may assume c > since otherwise F = Vi^{e). But then 
F Z) rij(e) ® r2i(c) and the latter cone contains points in the relative interior 
of Fg± [ni Proposition in.5.14 and proof]. Since F C (00(e) ® 0'=[2]) n 17 C F±g 
and is face, we conclude F = F^^. But this is a contradiction, since F^^ spans 
a non- reductive subalgebra of 0. □ 

3.4 Exhaustion of the faces of Vt~ 

We are finally ready to describe all the convex faces of fi". 

Lemma 3.22. Let F C. Q be a proper face. For any ^ G 0, denote its Jordan 
decomposition by ^ — + Cn- For all ^ G F° , we have ^s, ^„ G F. 
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Proof. We have & ^ and e C fl for all ^ G [IS] Lemma IV.4]. Let 
^ E F°. Elements of fi" are elliptic and hence semi-simple, and dil is closed. 
Thus, + t£,n,t£,s + G for all t ^ 0. This means that the line segments 
[^,^s] and [S,,^n] lie within a proper face of SI, and therefore the open segments 
intersect F°. But this implies [^,^s], [i,^n] C F. Hence, ^ P- ^ 

Lemma 3.23. Let F be an extreme ray of VL^ . Then F C if and only if 
F is nilpotent. In this case, F = R^o ■ for some primitive tripotent c. If 
this is not the case, then F is conjugate to an extreme ray of uj^ which is not 
contained in uj^ . 

Proof. Let C e ^ = 6 +^«- Then ^„ g F = Rj^o by LemmalSUl and ^ 
is semi-simple or nilpotent. The case of ^ nilpotent is covered by Theorem l2.27l 
Since e Sl~ and i ■ e □ e* = ^{X^ ~ X^) for any tripotent e, no extreme 

ray of uj~ is an extreme ray of Q^, by Corollary 12. 71 

Hence, ^ is semi-simple if and only if F is an extreme ray of fi^ which is not 
contained in fl^ . In this case, ^ is conjugate to an element of uj^ by Proposi- 
tion [531 so we may assume F C uj^ . Since uj~^ C fl'^, F is then an extreme ray 
ofw+. □ 

Corollary 3.24. Any face ofVL~ with a solvable face algebra is a nilpotent face. 

Proof. Let F C Sl^ be a face with solvable face algebra. By Proposition 13.91 
fli? is Abelian. By Strasziewicz's spanning theorem, the cone spanned by the 
extreme rays of F is dense in F . Hence, there exists x € F° which is the positive 
linear combination of extreme generators. By Lemma [3.231 all of the latter are 
nilpotent elements of q. Since the commute, x is also nilpotent, and F is by 
definition a nilpotent face. □ 

Proposition 3.25. Let F be a semisimple face of — Q.^ . Then F ~ ^Iq (e) for 

some tripotent e, or gp is Abelian and contained in a compact Cartan subalgebra 
of Q. The latter alternative only occurs for F = or Q = f2+, and in this case, 
F is conjugate to a face of uj^ . In particular, the set of semi-simple faces of fl 
is a lattice. 

Proof. By the semisimplicity of F, F° C g\0 contains semi-simple elements. By 
Theorem 12.271 the nilpotent faces consist of nilpotent elements of g. Hence, F 
is not contained in a nilpotent face. But then F° cannot intersect any nilpotent 
face. Since any nilpotent element of $1+ is contained in a nilpotent face, F° 
consists of semi-simple elements. 

Hence, we may choose t according to (|2.2p such that tF^tngFisa compact 
Cartan subalgebra of qf- In particular, gp is t-invariant. There exists an 
additively closed subset P C A such that Qpc = Qtp,p where 0f,^p = [)c © 
©aeP0C for all t) C t. Let t'^ = f]aePni-P) tFHkera and Q = P\{-P). Then 
the (nil) radical of gpc is Xpc = npc = flt'^.g, and [riFc, npc] = Qo,s where 

5 - (0 + Q) n A U {a e Q\a{t'p) / 0} . 

All of this follows from [SI, Chapter VIII, § 3.1, Proposition 2]. On the other 
hand, [ni?,ni?] must be central in pp. bv Proposition l3.9l In particular, [nF,nF] C 
Ip. This implies S — and [ni?,ni?] = 0. Then xip is an Abelian ideal of gp, 
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and therefore central [171 Proposition VII. 3. 23]. It follows that Q = 0, and 
rip = t'p. In particular, gp is reductive. 

It follows from Proposition 13.111 that gp — go(e) © t'^ for some tripotent 
e, where tp = to(e) © t'^. Since tj? n 1}=*= = w^(e) © t'^ n uj^, we have F — 
f^o (e) © t'F n By Corollary [3211 F ^ n^{e) or F = t'p n lo^ . The latter 
alternative is impossible for ^l = H.^ in view of Corollarv l3.241 since consists 
of semi-simple elements. □ 

We summarise our considerations for in the following theorem and corol- 
lary. 

Theorem 3.26. Each face of n~ is one o/f2Q(e), Qi{e), e a tripotent; or of 
Fee) e ^ O tripotents with rke < r. In particular, il^ is facially exposed. 

Proof. First we remark that F^^^ = ilo^(e) for rke < r and that F^^ — fli{c) 
for rke = r. Thus, if is a face with gp non-reductive, then F occurs in the 
second part of the hst set out above, by Proposition 13.191 If Sf is reductive, 
then by Corollary [S2I1 Proposition [S^S Corollary [321 and Theorem [123 F 
occurs in the first part of the list. □ 

Corollary 3.27. Every face of fl^ is one of the faces F^^, for tripotents ^ 



Conjugacy classes of faces and X-orbit type decomposition of il 



are exactly the orbit types of the K -action on f2". If M^^i is the set of pairs (e, c) 
of tripotents e ^ c such that (rke, rke) = {k,£), then ^k,i 'is a K-equivariant 
fibre bundle over the K -homogeneous space M^^i with typical fibre F~° . 

Proof. Given the equality of ranks, the faces are i^-conjugate, in view of [HI 
Theorem 5.9]. Moreover, they are certainly G-conjugate if they are iiT-conjugate. 
If they are G-conjugate, then the algebras fl'^[2] and g"^ [2] are G-conjugate, and 
so are 0o(e) and go{e'), as the centres of the respective face algebras, and their 
Levi complements invariant under compact Cartan subalgebras, respectively. 
By Theorem [523 '^6 have rke = rke', and by Lemma 13.61 have rke = rke'. 

Any element in the relative interior of the face F = F^^ is G-conjugate to 
an element of the relative interior of / = n (to(e) © 0^[2]) = ^o(^) ® ^i{c). 
Moreover, k G K fixes ^ £ /° if and only if k fixes £,s S ujQ{e)° and ^„ € ^i{c)° 
where we denote by ^ = + the Jordan decomposition. The stabiliser of 
is Nxiioie)), and the stabiliser of ^„ is K'^, independent of This shows that 
^k,e, {k,£) = (rke, rke), is exactly a sing le iiT-orbit type. By Corollary[323 the 
assertion follows. □ 

Corollary 3.29. For any r ^ k ^ £ ^ 0, ^k,e is K-equivariantly homotopy 
equivalent to the K -homogeneous space Mk/ — K/{K'^ C\ K'^) (where (e,c) £ 



c ^ e. 



Theorem 3.28. Any two faces F^^ and F^ ^, of fl^ are G-conjugate if and 
only one has (rke, rke) = (rke', rke'), if and only if they are K-conjugate. In 
particular, 





MkjJ. 
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4 The stratification of the minimal Ol'shanskii 
semigroup 

In this section, we apply our previous considerations to achieve our uhimate 
goah The decomposition of the minimal Ol'shanskii semigroup into X-orbit 
type strata, and their description in terms of if-equivariant fibre bundles. 

4.1 The minimal Ol'shanskii semigroup 

There exists a connected complex Lie group Gc with Lie algebra gc such that 
G C Gc- {E.g., consider the projective completion D* of D [HI §§8-9] and let 
Gc be the connected component of Aut(r'*) [HI Proposition 9.4]. Alternatively, 
we may invoke jl4, Proposition 25.9].) 

By the following proposition, there exists a closed complex semigroup P C 
Gc such that P = G • expiO" and G x fi" — > P : {g,S,) ^ .9cxpz^ is a homeo- 
morphism which restricts to a diffeomorphism G x — > P°. This semigroup 
is called the minimal Ol'shanskii semigroup. 

The following proposition is a compilation of known results. We give it for 
the reader's convenience, since we lack a succinct reference. The construction 
of Ol'shanskii semigroups is developed in full generality in TS', Chapters 3, 7], 
[m Chapter XI]. 

Proposition 4.1. Let H C He he connected Lie groups where H is closed, He 
is complex, and the Lie algebra of He is [)c - Let d \) be an invariant regular 
convex cone. Then tp : H x ^ He : (h, ^) h ■ expi^ is a homeomorphism 
onto a closed subsemigroup T , and induces a diffeomorphism H x fl° ^ P° 
where P° C P «s dense. 

Proof. Let (p ■ He ^ He be the universal covering. Then ker </) is a discrete 
central subgroup. The Gal(C : M)-action on He lifts to He. Let H be the fixed 
group of this action; then H is closed and connected [40l Chapter IV, Theorem 
3.4]. The adjoint action of [} has imaginary spectrum [JU Proposition II. 2]. 

Therefore, -ip : H x ft ^ H'^ : {h,£^) t-^ hexpi^ (where we take the expo- 
nential map of He) is a homeomorphism onto a closed subsemigroup P C He 
which restricts to a diffeomorphism H xfl° —^f° Theorems XI.1.7, XI.1.10]. 
In particular, 77 is a retraction of He and therefore simply connected. It fol- 
lows that H and He are homotopy equivalent [HI Proposition 25.9]. We have 
canonical isomorphisms 

keicpnH ^ Tri{H, 1) ^ ni{He, 1) ker (f) . 

This map associates to ft. G ker the homotopy class oi cf) o ^f^, a path in 
H from 1 to h; to this, the homotopy class in He of (j> o jf^; hereto, the end 
point of a lifting of (/> o 7^ in He. Since jh is such a lifting and 7/1(1) = h, the 
composite map is the identity, and kercj) C H. Thus, we conclude that ip drops 
to a map tp with the required properties. (For the statement on the interiors, 
see [m Lemma XI.L9].) □ 
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4.2 The stratification of the minimal Ol'shanskii semi- 
group into X-orbit types 

Definition 4.2. A Lie semigroup is a pair {S, H) where H is a connected Lie 
group and S* C -ff is a closed subsemigroup which is generated (as a closed sub- 
semigroup) by the one-parameter semigroups it contains [42| Definition IV. 3]. 
The tangent wedge of (5, H) is the convex cone L{S) ~ e \) \ exp(R^) C S} 
PI Definition IV.2]. 

Let (S*, H) be a Lie semigroup. A face of {S, H) is a subsemigroup F C S 
such that \ F is a semigroup ideal. 

Proposition 4.3. The pair (T, Gc) is a Lie semigroup whose only faces are G 
and F. 

Proof. Consider the cone W = iVi~ . It is G-invariant and therefore a Lie 
wedge [42l Definition IV. 1]. It equals the tangent wedge of V and is therefore 
global [42l Definition IV. 23, Lemma IV. 24]; in particular, (F, Gc) is a Lie semi- 
group. By [IHl Lemma 7.30], [T71 Lemma II. 2. 11], W is Lie semialgebra [1^ 
Definition IV. 29]. By ,42, Proposition IV. 32], the faces of (F, Gc) are among 
the closed subsemigroups whose tangent wedges are faces of W and therefore of 
the form q (BiF where F C r2~ is a faces. 

Let S" C F be a non-trivial face. Then L{S) = Q ® iF where F C 
is a non-trivial face. Hence, F contains an extreme ray: by Lemma I3.23[ F 
intersects the minimal nilpotent orbit of Q~ non-trivially. Since G C S, L{S) is 
G-invariant, and therefore contains the minimal nilpotent orbit in ifl^ . Since 
L{S) is a closed convex cone, we have ifl^ C L{S) by Corollarv l2.29l and thus 
L{S) = W. This imphcs T = S. □ 

The stratification of F into iC-orbit types is more interesting. To describe it, 
let F C ri~ be a face. Then qf = {F)r is a subalgebra, and we may consider 
the analytic subgroups Gp C G and Gpc C Gc associated with gp and qfc, 
respectively. We have an Ol'shanskii semigroup F^? = G • expiF C Gpc whose 
interior F^ in Gfc is G • expiF° {F° denoting relative interior). 

Theorem 4.4. The subsemigroups Ff,Ff' C F, F = F^^ and F' — F^ ^, , 

are G-conjugate if and only if they are K -conjugate, if and only if (rke,rkc) = 
(rke',rkc'). The orbit type strata for the action of K on F by conjugation are 

Tk,e = G-expink.e^\\, G-expzF-; , < £ fc < r . 

Proof. This follows immediately from Theorem 13.281 □ 

Corollary 4.5. The orbit type stratum Tk^i is K-equivariantly homotopy equiv- 
alent to K X Mkj ^ K X {K/{K^ n X=)) (where (e, c) G Mk,t). 

Proof. Clearly, Vk,i fibres over Mk.j with fibre G • expiFg~°. Moreover, there 
exists a if-equivariant homotopy equivalence s G • exp iF~° ~ G ~ K . □ 

Acknowledgements. This paper is a completely rewritten and expanded ver- 
sion of a part of my doctoral thesis [1] under the supervision of Harald Upmeier. 
I wish to thank him for his support and guidance. 



29 



References 



Alldridge, A.: Toeplitz Operators on Semi-Simple Lie Groups. Dissertation, 
Philipps-Universitat Marburg (2004) 

Arazy, J., Upmeier, H.: Boundary measures for symmetric domains and 
integral formulas for the discrete Wallach points. Integral Equations Op- 
erator Theory 47, no. 4, 375 434 (2003) 

Bertram, W., Hilgert, J.: Geometric Hardy and Bergman spaces. Michigan 
Math. J. 47(2), 235-263 (2000) 

Borel, A., Ji, L.: Compactifications of Symmetric and Locally Symmetric 
Spaces. Mathematics: Theory & Applications. Birkhauser Boston, Inc., 
Boston (2006) 

Bourbaki, N.: Elements de mathematique: Groupes et algebres de Lie. Act. 
Sci. Ind. 1337. Hermann, Paris (1968) 

Boussejra, A., Koufany, K.: Characterization of the Poisson integrals for 
the non-tube bounded symmetric domains. J. Math. Pures Appl. (9) 87(4), 
438-451 (2007) 

Braun, H., Koecher, M.: Jordan- Algebren. Grundlehren 128. Springer- 
Verlag, Berlin (1966) 

Bremigan, R., Lorch, .J.: Orbit duality for flag manifolds. Manuscripta 
Math. 109(2), 233 261 (2002) 

Chadli, M.: Noyau de Cauchy-Szego d'un espace symetrique de type Cay- 
ley. Ann. Inst. Fourier (Grenoble) 48(1), 97-13 (1998) 

CoUingwood, D., McGovern, W.: Nilpotent orbits in semisimple Lie alge- 
bras. Van Nostrand, New York (1993) 

Davidson, M.G., Stanke, R.J.: Ladder representation norms for Hermitian 
symmetric groups. J. Lie Theory 10(1), 157-170 (2000) 

Faraut, J., Koranyi, A.: Analysis on Symmetric Cones. Oxford Mathemat- 
ical Monographs. The Clarendon Press, New York (1994) 

Gel'fand, I.M., Gindikin, S.G.: Complex manifolds whose skeletons are 
semi-simple Lie groups, and analytic discrete series of representations. 
Funct. Anal. Appl. 11(4) (1977) 

Glockner, H.: Infinite-Dimensional Complex Groups and Semigroups: Rep- 
resentations of Cones, Tubes, and Conelike Semigroups. Dissertation, Tech- 
nische Universitat Darmstadt (2000) 

Harish-Chandra: Representations of semisimple Lie groups. VI. Integrable 
and square-integrable representations. Amer. J. Math. 78, 564-628 (1956) 

Helgason, S.: Differential Geometry, Lie Groups, and Symmetric Spaces. 
Pure and Appl. Math. 80. Academic Press, Inc., New York (1978) 



30 



[17] Hilgert, J., Ho&nann, K.H., Lawson, J.D.: Lie Groups, Convex Cones, and 
Semigroups. Oxford Mathematical Monographs. The Clarendon Press, New 

York (1989) 

[18] Hilgert, J., Neeb, K.H.: Lie Semigroups and their Apphcations. Lect. Notes 
Math. 1552. Springer- Verlag, Berlin (1993) 

[19] Hilgert, J., Neeb, K.H., 0rstcd, B.: The geometry of nilpotent coadjoint 
orbits of convex type in Hermitian Lie algebras. J. Lie Theory 4(2), 185-235 

(1994) 

[20] Hilgert, J., Neeb, K.H., 0rsted, B.: Conal Heisenberg algebras and associ- 
ated Hilbert spaces. J. Reine Angew. Math. 474, 67 112 (1996) 

[21] Hilgert, J., Neeb, K.H., Plank, W.: Symplectic convexity theorems and 
coadjoint orbits. Compositio Math. 94(2), 129-180 (1994) 

[22] Hong, J., Huckleberry, A.: On closures of cycle spaces of flag domains. 
Manuscripta Math. 121(3), 317-327 (2006) 

[23] Inoue, T.: Unitary representations and kernel fuiic;tions associated with 
boundaries of a bounded symmetric domain. Hiroshima Math. J. 10(1), 
75-140 (1980) 

[24] Johnson, K.D., Koranyi, A.: The Hua operators on bounded symmetric 
domains of tube type. Ann. of Math. (2) 111(3), 589-608 (1980) 

[25] Kaneyuki, S.: On orbit structure of compactifications of para-Hermitian 
symmetric spaces. Japan. J. Math. (N.S.) 13(2), 333-370 (1987) 

[26] Kaneyuki. S.: Compactification of parahcrmitian symmetric spaces and its 
applications. 11. Stratifications and automorphism groups. J. Lie Theory 
13(2), 535-563 (2003) 

[27] Knapp, A.W.: Representation Theory of Semisimple Groups — An 
Overview Based on Examples. Princeton Mathematical Series 36. Prince- 
ton University Press, Princeton (1986) 

[28] Knapp, A.W.: Lie Groups Beyond an Introduction. Second Edition. 
Progress in Math. 140. Birkhauser Boston, Inc., Boston (2002) 

[29] Koecher, M.: An Elementary Approach to Bounded Symmetric Domains. 
Rice University, Houston (1969) 

[30] Koranyi, A.: The Poisson integral for generalized half- planes and bounded 
symmetric domains. Ann. of Math. (2) 82, 332-350 (1965) 

[31] Koranyi, A., Wolf, J. A.: Realization of hermitian symmetric spaces as 
generalized half-planes. Ann. Math. 81 (1965), 265-288 

[32] Koufany, K., Orsted, B.: Function spaces on the Ol'shanskii semigroup 
and the Gel'fand-Gindikin program. Ann. Inst. Fourier (Grenoble) 46(3), 
689-722 (1996) 

[33] Koufany, K., Zhang, G.: Hua operators and Poisson transform for bounded 
symmetric domains. J. Funct. Anal. 236(2), 546-580 (2006) 



31 



Krotz, B.: On Hardy and Bergman spaces on complex Ol'shanskii semi- 
groups. Math. Ann. 312(1), 13-52 (1998) 

Krotz, B.: Equivariant cmbcddings of Stein domains sitting inside of com- 
plex semigroups. Pacific J. Math. 189(1), 55-73 (1999) 

Krotz, B.: On the dual of complex Ol'shanskii semigroups. Math. Z. 
237(3), 505- 529 (2001) 

Krotz, B., Opdam, E.: Analysis on the crown domain. Geom. Funct. Anal. 
18(4), 1326-1421 (2008) 

Krotz, B., Stanton, R.J.: Holomorphic extensions of representations. I. 
Automorphic functions. Ann. of Math. (2) 159(2), 641-724 (2004) 

Krotz, B., Stanton, R.J.: Holomorphic extensions of representations. II. Ge- 
ometry and harmonic analysis. Geom. Funct. Anal. 15(1), 190-245 (2005) 

Loos, O.: Symmetric Spaces. I: General Theory. W.A. Benjamin, New York 
(1969) 

Loos, O.: Bounded Symmetric Domains and Jordan Pairs. Lecture Notes. 
University of California, Irvine (1975) 

Neeb, K.H.: Invariant subsemigroups of Lie groups. Mem. Amer. Math. 
Soc. 104 (1993), no. 899 

Neeb, K.H.: The classification of Lie algebras with invariant cones. J. Lie 
Theory 4(2), 139-183 (1994) 

Neeb, K.H.: Invariant convex sets and functions in Lie algebras. Semigroup 

Forum 53(2), 230-261 (1996) 

Neeb, K.H.: Convexity properties of the coadjoint action of non-compact 
Lie groups. Math. Ann. 309(4), 625-661 (1997) 

Neeb, K.-H.: On the complex and convex geometry of Ol'shanskii semi- 
groups. Ann. Inst. Fourier (Grenoble) 48(1), 149-203 (1998) 

Neeb, K.H.: Holomorphy and Convexity in Lie Theory. Expositions in 
Mathematics 28. Walter De Gruyter & Co., Berlin (2000) 

Matsuki, T.: Equivalence of domains arising from duality of orbits on flag 
manifolds. HI. Trans. Amer. Math. Soc. 359(10), 4773-4786 (electronic) 

(2007) 

Moore, C.C.: Compactifications of symmetric spaces II: The Cartan do- 
mains. Amer. J. Math. 86, 358-378 (1964) 

Olafsson, G., 0rsted, B.: Causal compactification and Hardy spaces. Trans. 
Amer. Math. Soc. 351(9), 3771-3792 (1999) 

Ol'shanskii, G.I.: Invariant cones in Lie algebras. Lie semigroups, and the 
holomorphic discrete series. Funct. Anal. Appl. 15, 275-285 (1982) 



32 



[52] Ol'shanskii, G.I.: Complex Lie semigroups, Hardy spaces, and the Gelfand- 
Gindikin program. DifT. Geom. Appl. 1, 297-308 (1991) 

[53] Paneitz, S.M.: Determination of invariant convex cones in simple Lie alge- 
bras. Ark. Mat. 21, 217 228 (1983) 

[54] Rockafellar, R.T.: Convex Analysis. Princeton Math. Series 28. Princeton 
University Press, Princeton (1970) 

[55] Satake, I.: Algebraic Structures of Symmetric Domains. Kano Memorial 
Lectures 4. Iwanami Shoten, Tokyo (1980) 

[56] Stanton, R.J.: Analytic extension of the holomorphic discrete series. Amer. 
J. Math. 108, 1411-1424 (1986) 

[57] Upmeier, H.: Harmonische Analysis und Toeplitz-Opcratoren auf 
beschrankten symmetrischen Gebieten. Habilitationsschrift, Eberhard- 
Karls-Universitat Tiibingen (1982) 

[58] Upmeier, H; Toeplitz C*-algebras on bounded symmetric domains. Ann. 
of Math. (2) 119(3), 549-576 (1984) 

[59] Upmeier, H.: Symmetric Banach Manifolds and Jordan C*- Algebras. Math. 
Studies 104. North-Holland PubUshing Co., Amsterdam (1985) 

[60] Upmeier, H.: An index theorem for multivariable Toeplitz operators. Inte- 
gral Equations Operator Theory 9(3), 355-386 (1986) 

[61] Upmeier, H.: Jordan algebras and harmonic analysis on symmetric spaces. 
Amer. J. Math. 108, 1 25 (1986) 

[62] Vinberg, E.B.: Invariant convex cones and orderings in Lie groups. Funct. 
Anal. Appl. 14, 1-10 (1980) 

[63] Warner, G.: Harmonic Analysis on Semi-Simple Lie Groups I-II. 
Grundlehren 188-189. Springer- Verlag, Berhn (1972) 

[64] Wolf, J. A., Koranyi, A.: Generalized Caylcy transformations of bounded 
symmetric domains. Amer. J. Math. 87, 899-939 (1965) 

[65] Wolf, J. A.: The action of a real scmisimplc group on a complex flag man- 
ifold. I. Orbit structure and holomorphic arc components. Bull. Amer. 
Math. Soc. 75, 1121-1237 (1969) 

[66] Wolf, J. A.: Flag manifolds and representation theory. In: Tirao, J., Vogan, 
D.A., Wolf, J. A. (cds.) Geometry and Representation Theory of Real andp- 
Adic Groups (Cordoba, 1995), pp. 273-323. Progr. Math. 158, Birkhauser 
Boston, Inc., Boston (1998) 

[67] Wolf, J. A.: Hermitian symmetric spaces, cycle spaces, and the Barlet- 
Koziarz intersection method for construction of holomorphic functions. 
Math. Res. Lett. 7(5-6), 551-564 (2000) 

[68] Wolf, J. A., Zicrau, R.: Caylcy transforms and orbit structure in complex 
flag manifolds. Transform. Groups 2(4), 391-405 (1997) 



33 



[69] Wolf, J. A., Zierau, R.: Linear cycle spaces in flag domains. Math. Ann. 
316(3), 529-545 (2000) 



34 



